1. BBegeHue

B nporuiecce pa3paOoTKu U UCIIBITAHUI PaUO3JIEKTPOHHON anmapaTypbl
YacTO BO3HUKAIOT 3aJIauu IO OLICHKE KayecTBa (PYHKIIMOHUPOBAHUS TPOCKTUPYE-
MBIX CHUCTEM U YCTPOUCTB. K coxasneHuto, JINIlb HEMHOTHE U3 ATUX 3aJl1ad MOTYT
OBITh pEllIEHbl TOUHBIMHU aHATUTUYECKUMHU MeTofaMu. OTHAKO Jaxe B clydae
yaauu pa3paboTUMK HE MOXKET ObITh YBEPEH B BHICOKOM KaueCTBE MOTYyUYESHHBIX
TEXHUYECKUX pelIeHUH. [I[puunHON 3TOro ABISETCA TO, YTO AHAITUTUYECKUE METO-
JIbI OLICHKH JIAI0T JIOCTOBEPHBIE PE3YJIbTATHI JIUIIIb MPU TOYHOM COOTBETCTBUHU pPe-
aJbHBIX YCIOBUN (DYHKIIMOHUPOBAHUS pa3padaThiBAEMOM armapaTypbl 1 MaTeMa-
THYECKON MOJIENIA 3TUX YCIIOBHIL. DTO COOTBETCTBHE SIBISAETCA CKOPEE UCKITIOYE-
HUEM, YeM MPaBUIIOM, KOTJIa peyb UJET O PaIUOTEXHUYECKUX CUCTEMaX, pado-
TAIOLIMX B YCIOBUSAX BBICOKOM anpuOpHON HEONPEIEeIEHHOCTH OTHOCUTENIBHO CTa-
TUCTUKU BXOJHBIX PAJUOCUTHAIOB U TTIOMEX, YCIOBUM X PACIIPOCTPAHCHUS.

be3ycnoBHO, mpoBeieHNE HATYPHBIX UCIIBITAHUM MPOESKTUPYEMOM anmnapa-
TYpbI IO3BOJISIET aJIEKBATHO OLEHUTH €€ KauecTBo. OHaKo Ha 3Tare pa3padoTKU U
OTJIAJIKH BPSJ] JIM BO3MOXKHO TOBOPUTH O KAUECTBEHHOM HATYPHOM DKCIIEPUMEHTE,
MIOCKOJIbKY €ro0 IIeHa BhICOKA U peanu3alus IUPOKOMACIITAOHBIX IKCIIEPUMEH-
TaJbHBIX UCCJICI0BAaHUN SKOHOMHYECKH HE BBITOAHA. B 9THX yCIOBUSX €IUHCT-
BEHHBIM BBIXOJIOM JUIsl pa3pad0TUMKa SIBIISICTCS TPOBEJECHNE MATEMATUYECKOTO
AKcepUMeHTa. TaKo SKCIIEPUMEHT SIBISIETCSI HE TOJILKO SKOHOMUYECKH BBITOJI-
HBIM CIIOCOOOM MPOBEPUTH KAYECTBO (DYHKIIMOHUPOBAHUSI PAIMOITIEKTPOHHOM ari-
napaTyphbl Ha 3Tane ee NpoeKTUpPOBaHus U oTiaaku. [IpoBeaeHne MaTeMaTHUECKO-
ro MOJEIUPOBAHUS LEIECO00PA3HO €IlE U TOTOMY, YTO MO3BOJISIET 00JIETYUTh
CUHTE3 U aHaJIU3 aIrOPUTMOB 00paOOTKM CUTHAJIOB, peain3alisl KOTOPbIX Mpe-
MoJiaraeT UCIoJIb30BaHUE IIU(PPOBBIX BHIUUCIUTEIBHBIX YCTPOUCTB.

B ocHoBe npoBeieHns 11000r0 MaTeEMaTUYECKOTO HKCIIEPUMEHTA JIEKUT
CO37laHMe MaTeMaTUYECKOM MOJIEIH pa3padaThiBAEMOro WK TECTUPYEMOIO YCT-
poiictBa. [Ipu aTOM o Mamemamuueckou Mooevio TOHUMAETCA POpMaIbHOE
onucaHue 00bEKTA WK SBJICHUS MPU MTOMOIIY MaTeMaTUYECKUX YPaBHEHUM, KO-
TOpPbIE MOTYT OBITH MPEICTABIICHBI B 3AMKHYTOM (PEIICHHON) WU HE3aMKHYTON
(aepemierHoi) popme. COOTBETCTBEHHO MamemMamuieckoe MoOeauposanue — 3To
UCCJIeI0BaHNE 00BEKTA WIH SBJICHUS HA OCHOBE MUCIOJb30BAHUS MAaTEMAaTUYECKON
MOJIEJIH.

Hcropuuecku nepBbIM BUOM MAaTEeMAaTHYECKOT0 MOJICIUPOBAHUS SIBUJIOCH
MO/ICJIMPOBaHUE aHAIUTUYECKOE, B X0/JI€¢ KOTOPOTO pa3pabOTYMK MPOU3BOAMII pac-
YeT XapaKTEPUCTUK 00BEKTa MO TOTOBLIM (hopMysiam. BO3MOXXHOCTH TaHHOTO Me-
TO/a, KaK y>ke ObLIO CKa3aHO BbIIIE, BECbMa OTPAaHUYEHBI, T.K. aHATUTHYECKHUE
pacyeThl BO3MOXKHBI JIMIIb MPU MPOCTHIX 1O CBOEH npupoje oobekTax. B HacTos-
niee BpeMsi AJi UCCIEA0BAHMS UCTIOIb3YETCd UMUTALIMOHHOE MOJEIUPOBAHUE, ITPU
KOTOPOM C MaKCUMAaJbHOM CTENEHbIO aJIeKBATHOCTU BOCTIPOU3BOIUTCS BpEeMEHHAas
U JIOTHYECKasi CBA3b MPOUCXOAIINX B O0BEKTE MOJEIUPOBAHHUS MTPOIIECCOB.

B namem ciyyae 00beKTOM MOJICTUPOBAHUS SIBISICTCS pAOUOMEXHUUECKAS
cucmema (PTC). PTC — 3T0 COBOKYITHOCTh TEXHUYECKUX CPEJICTB OOPAOOTKH pa-



JUOCHUTHAJIOB, MPEJHA3HAYEHHAas IS Iepeladyl HHPOPMALIMK U €€ U3BJICUCHUS.
HIMeHHO UCIOJIb30BaHUE paJUOCUTHAIIOB KaK HocuTeNnel nH(pOpMAaIK MO3BOJISIET
BBIJICJIUTH PAAMOCUCTEMBI U3 O0ILETO KOJINYECTBA UH(OPMAIIMOHHBIX CUCTEM B OT-
nenpHyto kateroputo. Madopmanuonnas cymuocts PTC no3BossieT BhIACIUTh
CJIEAYIOIINE TUIIBI:
e PTC nepenaun napopmanuu (CUCTEMBI CBSI3H);
e PTC uzBneuyenus napopmanuu (paguoJoKalliOHHbIE CUCTEMBI, pa-
JUOHABUTALIMOHHBIE CUCTEMbI, CUCTEMBI PaIuOPA3BEIKHN);
e PTC pa3pymenus nHpopmauu (CUCTEMbI PaIHONPOTUBOAEHCT-
BHS).
JIro6ast PTC MoxeT ObITh YKPYITHEHO NPE/ICTABIICHA B BUJIE CTPYKTYPHOUR
cxeMbl Ha puc. 1.1.

Hcrounnku nHpopmanum YcrpoiicTBo 00-
paboTku WH-
bopmanmu
Koaupyromee Kanan pacnpo- Jexkonupyrouiee
YCTPOMCTBO — CTpaHEHHUS ) YCTPOUCTBO (J1e-
(MonmynsiTop) MOTYJISITOD)
dopmMmupoBaresb Hcrounuku nomex
paanvocursana
Puc. 1.1

3neck (hopMUpoBaTEIb CUTHAJIA TEHEPUPYET PAIUOCUTHAT, KOTOPBIHU TO-
CTyMaeT Ha KOJUPYIOolIee YCTPOUCTBO (MOYISATOP), PYHKIIMEH KOTOPOTO SBISETCS
HaIOJHEHNE CUTHAIa MHPOPMAITMOHHBIM COJIEp>KaHUEM ITyTeM U3MEHEHHUS eTo Ma-
paMeTpoB (aMILTUTYABI, Pa3bl, YACTOTHI, MOJSIPU3ALK ). MOTYyIUPYIOMIUI CUTHA
Ha KOJIUPYIOIEe YCTPOUCTBO MOCTYMAET OT UCTOUYHHUKA HHPopMaiuu. JlaHHbII
cnoco0 MHGOPMAIIMOHHOTO HAaNOJIHEHUsI Harbosee xapakTepeH ais cBsi3Hbix PTC.
OpnHako BO3MOXKEH U JIpyroil cnocod. MHpopMalimoHHOE coaep:kaHue paguoChr-
HaJ NpuoOpeTaeT B KaHaJle PacCHpOCTPAHEHUS BCIEACTBUE BO3ACHCTBUS Ha €ro Ma-
pameTpbl (PU3MYECKUX CBOMCTB cpeibl. Takol croco0 xapaKTepeH ISl paJinoio-
KaIlMOHHBIX U aBTOHOMHBIX PaJMOHABUTAIIMOHHBIX cUcTeM. B kaHarne pacrpocTpa-
HEHUsI CUTHAJI MOJIBEpraeTcsi BO3JCUCTBUIO MOMEX. DTO BO3JEHCTBUE MOXKET MPO-
HCXOJIUTh PAa3INYHO. BRIIENAIOT aJTUTUBHBIE U MYJIbTUILTMKATUBHBIC TIOMEXHU.
Bo3zaeiicTBre nocieHUX MPUBOJIUT K TAKUM U3MEHEHUSM PaJIMOCUTHAJIA, KOTO-
pbi€, B OTJIMYKE OT aJAUTUBHBIX TTIOMEX, HEJIB35 MPEJICTABUThH B BUE ITPOCTOM CY-



MEPIO3ULINYN CUTHANIA U ToMexu. OTHAKO MOMEXH, AEUCTBYIOIINE B KaHAJIE pac-
IIPOCTPAHEHUS, HE SABIISIIOTCS €AUHCTBEHHBIM UCTOUHUKOM HETaTUBHOT'O BIUSHUS
Ha MH(OPMAIMOHHOE co/iepKaHue CUrHaia. ICTOUHUKOM MOMeEX SIBISIOTCS TAKXKe
BHYTPEHHHE LIYMBI JEKOJUPYIOLIErO YCTPOMCTBA, 3aa4€il KOTOPOTO SABIISETCS
JEMOIYJIALMS TPUHUMAEMOT0 CUrHaia. JleMoayIMpOBaHHbBIN CUTHAJ 3aTEM I10-
CTyMaeT Ha yCTPOUCTBO 00pabOTKH, T/I€ OCYIIECTBISAETCS U3BJICUCHUE HEOOXOIu-
MOI MH(pOpPMALIHH.

AHanu3 IpUBEICHHON CXEMBI CBUJIETENBLCTBYET O TOM, uTO PTC umeror
CJIeIyIoIIe 0COOEHHOCTH, KOTOPbIe HEOOXOAMMO YUUTHIBATh MPU (OPMHUPOBAHUS
MX MaTeMaTU4YECKUX MOJIEIIEH:

e PTC — MHOrOMepHbIE CUCTEMBI C OOJIBIIMM KOJIMYECTBOM 3JIEMEH-
TOB M CJIIOKHBIMH (PYHKIIMOHAJIBHBIMHU CBSI3IMH MEX]1y HUMM;

e PTC nocTossHHO HaXOASTCS MO BO3/IEUCTBUEM CIIy4aliHBIX (pakTo-
POB;

e PTC — OpicTpOICHCTBYIONINE CUCTEMBI, B KOTOPBIX COYETAETCS BbI-
COKasi CKOPOCTb U3MEHEHUS PAJUOCUTHAIOB U OTHOCUTENIBHO HU3-
Kasi CKOPOCTh MH(OPMAIIMOHHBIX TOTOKOB.

[lepeuncnenHble 0COOEHHOCTH JenatoT 3a1auy MoaenupoBanus PTC
YpE3BBIYANHO CII0KHOU. Ee pelienue ¢ 10CTaTOYHON CTENEHBIO aIEKBATHOCTH
BO3MOXHO JIMIIb IIPU UCTIOIB30BaHUU COBpEMEHHBIX IM(ppoBeiX DBM 1 npumene-
HUU CIIEIUATbHBIX MATEMATUYECKUX METOI0B, YMEHBIIAIOINUX BBIYUCIUTEIbHBIE
3aTparTsl.

[lenbro HacTOsIIEr0 Y4eOHOTO TOCOOUSI SIBJIIETCS U3JIOKEHUE Hanboiee
yHOTpEOUMBIX JJIs MaTeMaTruueckoro moaenuposanus PTC anropurmos, npo-
rpaMMHas peaqu3alys KOTOPbIX OPUEHTHPOBAHHA HA UCIIOJIB30BAHKUE LIMPPOBBIX
YHUBEpCAIbHBIX DBM.



2. Matematnyeckoe MmogenunpoBaHume paanocurHanoB U NomMex

2.1. ModenupoesaHue HenpepbI8HbIX O0emepMUHUPOB8aHHbIX
cuzHaros.

HcnonezoBanue [IOBM B kauecTBE OCHOBHOIO HHCTPYMEHTA
MaTeMaTUYeCcKOTro MOICIMPOBAHUS TPUBOIUT K HEOOXOAMMOCTH peain3aluuu
MOJIEJTIEN CUTHAJIOB U IOMEX B TUCKPETHOM BpeMeHu. [loaTomy 3anauy
MOJICTUPOBAHUS HETIPEPBIBHBIX IETEPMUHUPOBAHHBIX CUTHAIOB CHOPMYIHpYyEM
KaK 3aJ1a4y OTBICKaHUs alrOpPUTMOB, MO3BOJISIOMKX (opMHUpoBaTh HAa DBM ux
JUCKPETHBIE peanu3anuu 6e3 norepu nHpopmanuu o0 UCXOTHOM CUTHAJIE. 3/1€Ch
cioBa «0e3 norepu HH(MOPMALUU» 03HAYAIOT, YTO MOJIENb COXPAHSIET BCE
CBOICTBA HEMPEPHIBHOTO CUTHAJIA, U ATOT CUTHAJI MOXET ObITh OJTHO3HAYHO
BOCCTaHOBJICH 110 CBOEU MOJEIIH.

[TycTh TpebyeTcst cMOaenupoBaTh JETEPMUHUPOBAHHBIN (HECTyYalHbI)
paguocurHan

s(t)= a(t)cos[w,t + ¢(t)+ ¢, ] — 0 <t < o0 2.1)

rjae a(t) - 3aKOH aMIUIMTYJTHOM MOZYJISLINH, qo(t) - 3aKOH (pa30BOM MOJYJISIUH,
o, = 27f,, - KpyroBas Hecyllas 4acToTa, ¢, - HadanbHas (aza. Dopma

npejacTaBiieHus curHania (2.1) HasblBaeTcst gpemenHon. ANbTEepHATUBHON el
ABJISIETCSL vacmomHas popma

S(o)= [ sl dr, 22)

—00

rae S (a)) - cnekmpanvhas QyHkyusa curaana. Mexnay GyHkuusmu s(t) us (a))
CYIIECTBYET B3aUMHOOIHO3HAYHOE COOTBETCTBHE

s(0)=—- [S(w)e™ at, (2.3)
21 *

PaBenctna (2.2) u (2.3) cocrapisitor napy (mpsimoe u 00paTHoe)
npeodpazoBanuii dypre. O0a npeacTaBlieHus CUTHAIA B CUITy B3aUMHOM
OJIHO3HAYHOCTH MOJHOCTHIO HKBUBAJIEHTHBI. BEIOOp Mex Ay HUMU
OCYIIECTBIISIETCS, UCXOAS U3 CrieU(PUKN KOHKpeTHOH 3anaun. Ha puc. 2.1 B
KauecTBe MpUMepa MPUBEICHBI BpEMEHHAs U 4YacTOTHask (DOPMBI MPEACTABICHHUS
paarouMITyJIbCca C TPANEUUEBUIHON CIEKTPAIbHON QyHKIMEH.



(s

0.5

0.5

0.4

0.3

0.2

0.1

-0.3 -0.2 -0.1

-0.4

(™)s

200

-200

Puc. 2.1



Lugposoii (Ouckpemnoii) modenvio CUTHANA S(t) MOXHO CUMTATh COBOKYITHOCTb
OTCYETOB, B3ATHIX C HEKOTOPHIM UHTEPBAJIOM 1

s[n]:s(nT),n:O,il,i2,... (2.4)

Hnmepean T wnaswiBaetTcsi nepuodom ouckpemuzayuu (I1/]). Ilpu sTom Ha
HEKOTOPOM HMHTEpBasie HaOIIOACHUS [O,T H] CUrHaJl Oy/IeT IPEACTaBIAThCA B BULE

BekTOpa KoHeuHol jmurbl § = (s[0}...,s[N —1])", rae ()" - omepatop
TPAaHCIIOHUPOBaHUs, N = [T /T ]—1 - JuiHa Bekropa. Yeeanuusas [1/1 T, MmoxHO

yMEHbIINTH JUIMHY N . OnHaKo yBeNU4YMBaTh I CBEPX HEKOTOPOro Ipeaena
HEJNb3s, T.K. IPH 3TOM OyJIeT yTpaueHa BO3MOKHOCTb BOCCTaHOBJICHUS
HENPEPBIBHOIO CUTHAIa s(t) 10 BEKTOPY OTCYETOB § . JIelCTBUTEIIBHO, COITIACHO
Teopeme KoTenpHUKOBa CUTHAT C OTPAaHUYEHHBIM Ha MHTEPBAJIC [— Q,,Q B]

CIICKTPOM MOKET OBITH MMpeACTaBJICH B BUAC CICAYIOLICTO pAaa

QT & sin[QB( —nT)]
s(0)=""2% 3 (1) [QB(;”T)] 2.5)

3Has OTCUEThI CUTHANA s(nT ), n=0,£1,+£2,..., Ha ocHOBE (2.5) MOXXHO

BOCCTAHOBUTH 3HAUECHUE CUTHAJIA B IPOU3BOJBHBI MOMEHT BpeMEHH, eciu [1/]
yaoBieTBopsieT kputeputo HalikBucra-KorenbHukoBa

T< b (2.6)

B
rac F,=Q /21 - BepxHsas yacToTa CliekTpa curHaia. IIpu Ha CHUH KPUTCPUA
B B

(2.6) BOoCCTaHOBJIIEHHUE CUTHAJIA 110 €T0 JUCKPETHBIM OTCUETaM CTAHOBUTCS
HEBO3MOXHBIM. [IpuunHOi 3TOMY SIBISETCS 3¢hhekm nanoxcenus. Jlemno B ToM,
YTO CIeKTpajabHash (YHKIIHS TOCIEA0BATEIIBHOCTH OTCUETOB CUTHAJIA

s(nT ), n=0,£1,+2,... MOXET OBITb 3aIllFICaHa B BUJIC

E(w):% i S(a) - 27”;1) (2.7)

¥ SIBIISICTCSI IepHOMIecKkoit hyHKiumeii ¢ nepuogom Q=27/T .

Ha puc. 2.2 npencraBiieH TUCKPETU3UPOBAHHBIN BO BPEMEHH
PaIMOUMITYJIBC C TPANEIMEBUAHON CIEKTpalibHON (pyHKIIMEH (cM. puc. 2.1) u ero
cnextp npu Q, >Q —-Q .
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W3 pucynka BUIHO, 9TO B 00JIACTAX YaCTOT [— Q,,-Q+Q B] u
[Q 5,82 — €2 B] BEPXHsAsA OOKOBas MOJIOCA OJJHOTO NEPHO/Ia HAKIIAIbIBACTCSA Ha
HIDKHIOIO 0OKOBYIO TIOJIOCY APYroro nepuoga GyHkauu S (a)) [Ipoucxoaut

SIBIIEHHE HATOKEHHs, BeencTsre kotoporo S()# S(w) npu o] < Q. Crextp

JOUCKPETHOM MOCIIEJ0BATEILHOCTH OTCUETOB CUTHAJIA S (co) UCKaXaeTcs 110
CPAaBHEHUIO CO CHEKTpaIbHON (DYHKIIMEH HeMpephIBHOrO cUrHaia. B To e Bpems

IIPU BBIIOTHEHUH ycinoBusa 2, < — (), HaI0XKEHHUI HE BO3HUKAET, S (co) =S (co)
npu |co| < ()., ¥ BOCCTAaHOBJICHHE OKa3bIBAECTCS BO3MOXKHBIM. Y CJIOBHE
Q, <Q—-Q, unpuBoguUT K Kputepuio (2.6).

Takum oGpa3oM, Moziens curHana s(¢) MoxkeT GbITh 0Gpa3oBaHa 13
OTCUETOB CUTHAJIA, B3ATHIX C IEPUOJIOM JTUCKPETU3ALMH, YIOBIETBOPSIIOIINM
ycnosuto HaitkBucra-Korenbaukosa (2.6). Takoit MeTo1 MOJIETUPOBAHUS
CUTHAJIOB HA3bIBAETCA Memooom Hecyujel. JJoCTONHCTBOM METO/1A SIBISIETCS €T0
npocroTa. OHAKO METOY NMPUCYIL CEPhE3HBIA HEJOCTATOK — OH TpeOyeT
BblJIeNIeHUs 00bIIOro o0beMa namsith DBM 1u1s ipe/icTaBiIeHUs! CUTHAJIOB.

JleCTBUTENBHO, TPH BBICOKOM HECYIEH YacToTe @, (®, >>AQ, AQ -
IIMPHHA clieKTpa curHaia) Q, ~ o, + AQ/2, u I1]] gomkeH ObITh MEHbIIIE
MOJIOBUHBI Mieprojia Hecyliel yacToTel. CTonb Mambiii [1]] nenaet He0OX0AUMBIM
reHepalnio ¥ 3alOMUHaHUE OOJIBIIOro Yyuciaa orcyeToB curnana N . [lostomy npu
MozaenupoBanuu BU nu CBY curnanoB Ha MHTEpBajax BPEMEHU 3HAYNUTEIBHO
OOJBIIMX MEPHOJIa KOJIEOAHUI UCIOIB3YIOT IPYroi METOJ] IPEICTaBIECHUS —
Memoo o2ubarouell.

3anumeM curHan (2.1) B Bune

s(t)=u(t)cos w,t + v(t)sin ,t (2.8)

rac

w(t)=alt)sinfp(t)+ @, ] (2.9)

IIpowecchr u(t) u v(t) Ha3bIBAIOTCS K6AOPAMYPAMU CUSHANA s(t), a KOMIUIEKCHBIN
CUTHAaJI

w(t)=u(t)+ iv(t)za(t)exp[qo(t)+(oo] (2.10)

HA3BIBACTCS KOMMIeKCHOU ocubarouyeii curuana. Curan s(¢) MoxeT GbITH
BOCCTAHOBJIEH TI0 CBOEH KOMILIEKCHOM orubarormeii w(t) Ha OCHOBAHHMH
CIEAYIOLIET0 COOTHOIIEHHUS



s(t)=Re{w(t)e™ = 0,51 )™ +w’ (t)e ™ | (2.11)

rae Re{-} - OIIepaTop B3ATUA NEUCTBUTEIBHONU YaCTU KOMIIJIEKCHOIO YMCIIA;

w (t) = u(t) - iv(t).

BossMem npeoOpazoBanue Oyphe OT MpaBoil U JICBOM YacTeil ypaBHEHUS
(2.11). lonyuum

S(a)):O,S{W(a)—coo)+ W*(—co—coo)} (2.12)

roe W(w)= J w(t)e ™ dt - ciexTpanbHas QYHKIMS KOMILIEKCHOH OrnGaromiei.

JlomyCcTHM, 9TO CKOPOCTh U3MEHEHHS IIPOLIECCOB a(t) u (p(t) 3HAYUTECIIBHO
MEHBIIIE, YEM CKOPOCTh H3MEHEHHUS BO BPEMEHH TAPMOHMYECKOTO CHTHAa e ™' .
Torna, oueBuAHO, MKMPHUHA CIIEKTPA CUTHAJIOB u(t), v(t) u w(t) Oyner
3HAYUTEJIBHO MEHBIIIE HECYIIEH 4acTOThl @, . [Ipu aTOM QyHKINN W(a) - a)o) 51
W’ (- o — @, ), pasHeCEHHbIE APYT OT APYTa 110 YACTOTE HA PACCTOSHHE 2@, , HE
nepecexarorcs. Torma Gpynxuus W(w — @, ) MOKeT GbITh ACCOIMUPOBAHA C YACTHIO
criexTpa curHana S(w), CKOHIEHTPUPOBAHHO# B OKPECTHOCTH YaCTOTHI (0, B
061ACTH TIOJIOKHUTENBHBIX YacToT, a hyHKIHsA W (- — @, ) - ¢ 4acThIO CIIeKTpa
S(®), cKOHIIEHTPHPOBAHHOI B OKPECTHOCTH YaCTOTHI — (0, B 00J1ACTH
OTpULATENBHBIX YacTOT (cM. puc. 2.1). IIpumepHsbIil BUA CIEKTpOB S (a)) u W(a))
MIPEACTABIIEH HA puUc. 2.3.
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[Tockonbky MexIy S(t) u w(t) cyliecTByeT cBs3b (2.11), a BepxHsis

gactora Q, cneKIpaW(a)) 3HAYUTENIBHO HIXKE Hecymel o, (€2, << ®, ), CUTHaJ

s(t) MosKeT GBITH TpeICTaBIEH OTCUETAMH CBOEH KOMILIEKCHO# orubaroneit

[ ] w(nT),n=0,+1,+2,.... B mannom ciyudae I1]I BrIGupaeTcs TakKe Ha
OCHOBAaHUU COOTHOWEHHM (2.6), OJHAKO y4acTBYIOLIAsl B 9TOM HEPAaBEHCTBE
gactota F, =Q, /27 COOTBETCTBYET BEpPXHEH YaCTOTE CIIEKTPa KOMILICKCHON
orubaromen W(a)) [TosTOMy IIpH OIMHAKOBOM BpeMeHH HaOmoaeHus 7,
KOJINYECTBO OTCUETOB HEOOXOAUMBIX JUIs IPEJICTABICHHUS B JUCKPETHOM BPEMEHU
curnana w(t) 3HAYUTENHEHO MEHbIIE KOJTMYECTBA OTCUETOB cHrHana s(¢) mo
MeToay Hecyulen. Meroa npeacTaBieHus CUrHaja s(t) C TIOMOUIBIO ITpoLiecca
w(t) HaspBaeTCsa Memodom ozcubaiowsedi. JJAHHEIA METOJ MO3BOJISAET 3HAYHTENHHO
COKpaTUTh 00beM namsaTu IBM, ucnonb3yemMoi A1l XpaHEeHUs] CUTHajla S(t) 1o

CPaBHEHUIO ¢ METOI0M Hecyle. OJIHaKO JaHHBIM METOJ UMEET U HE0CTATOK:
orubarouias w(t) SIBJISIETCSI KOMIUIEKCHBIM MPOIECCOM, UTO JIeJIaeT HEOOXOIUMBIM

XpaHenue N = 2[T T — 1] OTCYETOB M MCIIOJIb30BAHHUE MPH MOJIEIMPOBAHUH
KOMILJIEKCHON apU(PMETUKH.

2.2. ModenupoeaHue paduocuzHasios co criy4alHbIMU napamempamu

Curnan s(¢,1) HA3BIBACTCS CUSHAIOM CO CRVHATIHBLMU NADAMEMPAM,
ecrn A - crydaifHas BeIMduHA (BEKTOP), 4 3aK0H M3MeHenns s(¢,4) Bo BpeMeHH
U3BECTEH, €CIIM U3BECTHO 3HAUEHHUE CilydaiiHoro napamerpa A . Ilockonbky
IIapaMeTphbl CUTHAJIA HE U3MEHAIOTCSA BO BPEMEHH (M3MEHEHUs IPOUCXOIAT JIUIIb
OT peaNn3alliy K PeaTu3aIliy) METOIbI MOJIETUpOBaHus curHana s(¢, 1)
IPUHIMIINAIBHO HUYEM HE OTJIMYAIOTCA OT CIydasl OJHOCTBIO
JE€TEpPMUHUPOBAHHOIO CUTHAJIA 332 UCKIFOUEHUEM TOT'0, YTO IPH CO3JAHUH MOJAEIH
HEOOXOAMMO CITyJaifHBIM 00pa3oM U3MEHITh A OT OMbITa K OmnbITy. Llensio
HACTOSILETO Pa3/ielia ABIAETCs U3J10/KEHHE METOJ0B FeHEPaIuU CIay4ailHbIX
BEJIMYMH C 33JJaHHBIMH 3aKOHAMU PaCIIpeeNeHHs BEPOSITHOCTEMN.

2.2.1. MeToabl reHepauuu criydyamHbiX BESIMYUH C paBHOMEPHbIM Ha
uHtepBane [0, 1] 3akoHOM pacnpegeneHus

[lonyuyeHue cirydallHbIX BEJIMYUH C PABHOMEPHBIM Ha HHTEPBAJIC [O, 1]

3aKOHOM pacIpe/eleHNs IBIseTCs 0a30BOM omepalfe sl rTeHepauu
CIIy4aliHbIX BEJIMYWH C TIPOU3BOJILHBIM 3aKOHOM pacnpenenenus. CrnyyaitHas
BelnnuMHa £ pacmpe/enieHa paBHOMEPHO Ha MHTEpBAe [O, 1], €CJIU €€ TIOTHOCTh

BEPOSITHOCTU paBHA



(2.13)

L0<x<1
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(V)
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,D{g}=— (2.15)

o nosiBnenuss OBM 11s oay4deHHs! CiiydyalHbIX YUCEN C PAaBHOMEPHBIM
3aKOHOM PaCIpeAe/ICHU UCIIOIb30BAIMCH CIIELIUAIBHBIE MATEMATUYECKUE
TaOJIMIIBI WK FeHepaTophl yma. B HacTosiIee BpeMsi CO3/1aHbl HAJIE)KHbIE
CIoCcOOBI FreHepaluy cliydaiiHbIX uncena Ha OBM.

Ilycts nanel aBa yncina m u M , npudeM m < p, p - pa3psaAHOCTb
npoueccopa. [[is1 nonydeHus nocaea0BaTebHOCTH CIy4alHbIX yuceln &, &, , ...

UCIIOJIb3YETCS CIEAYIOIIHNI allTOPUTM:

1-11 wae. 3anaeTcs HEKOTOPOE Lea0e Ynucio u,, 0 <wu, <2".
2-u wae. 11o peKyppeHTHOMY NpaBUITY

u, =(Mu, )mod(2" ) n=12,... (2.16)

n—1
BBIYMCIISIETCA Cay4aliHoe yucno u,, 0<u <2".
3-u wae. Berancusercs

£ =u 2" n=12,... (2.17)

B cuny orpaHndeHHOCTH pa3psIHOCTH mpoleccopa IBM koimuecTBo
Pa3IMYHBIX YHCEI {“z} TAKXKE€ OrPAaHUYCHO U HE MOKET MPEBBICUTH BETMUYHUHBI

27 —1. Iloatomy umucna &, &,, ... npaBuibHEE OBbLIO ObI Ha3bIBAThH

nceso0oCIyYaHbIMU, TIOCKOIBKY, KaK cleayeT u3 aHnanusa (2.16), sta
MOCJICIOBATEILHOCTD OyIET MEPUOTUIECKON C TIEPUOIOM MEHBIITUM WJIH PABHBIM
2™. bonee TOro, N3-32 KOHEYHOCTH Pa3psAHON CETKHU MPOIIECCOpa MOIydaromnecs
quciia OyIyT MPeCTaBIATh pean3aliui JUCKPETHON, a HE HENPEPHIBHOM
ciy4aitHoi BenmnuuHbl. OJTHAKO MPHU OOJIBIINX p W m ITUMU 00CTOATEIHLCTBAMHU

MOXHO nIpeHeOpeub. Yucna M u m BpIOMpaIOT 3apaHee TaKUM 00pa3oM, 4TOObI
MOJTYYUTh TIOCIEIOBATEIBHOCTD TICEBIOCTYYaHBIX YHCEN MAaKCUMaTbHON JJIMHBI U
MUHUMAJIBHON KOPPETUPOBAHHOCTH COCETHUX 3HAUCHUH.

O4eBHIHO, YTO TOTYYAIOIASCS TIOCIET0BATEIHHOCTD IIETUKOM
OIIPEJENAETCS YUCIOM U, , KOTOPOE Ha3bIBaeTCs 3epHom (seed). B OBM 310 uncno

MOKET OBbITh 33JaHO SIBHO, WJIHM JJIsl €r0 3aJaHMsI 10 YMOJYaHUIO MOXKET
HCII0JIb30BATHCA BHYTPEHHUN TaliMep KOMIIBIOTEpPA.

B cBA3H ¢ BbIIECKa3aHHBIM AJITOPUTM I'€HEPALIUU IICEBIOCITYYalHbIX
4ucell C pAaBHOMEPHBIM B HHTEPBAJIE [O, 1] pacnpesieIeHUeM MOXKET ObITh

Mpe/ICTaBlIeH B 00Jiee MPOCTOM PEKypPEHTHOM popme

Ey=uy- 27", E ={ME L n=12,..., (2.18)



rjie GUurypHbeie CKOOKH {} 03HAYaIOT B3SITUE APOOHON YaCTH IPOU3BEICHMUSI.

2.2.2. MeTtoabl reHepauuu criydanHbiX BESIMYUH C MPOU3BOSIbHbIM
3aKOHOM pacrnpegerneHus

2.2.2.1. Memoo oopamnulx pynKkyuii (Memoo HeJaUHeuH020 nPeodpa3o8anus
00pamno2o ynKkyuu pacnpeoeenus)

DTOT METOJI OCHOBAH Ha CIICAYIONICH TEOPEeME TEOPHH BEPOSTHOCTEH: €CIn
UMeEeTCs cllydaiiHasi BeJIMYMHA 1) C TUIOTHOCTBIO paclpeie/ieHUs] BEPOSATHOCTH

/y (v), To ciyuaitnas BenmuunHa &

&= [1,00dy (2.19)

MMEET paBHOMEPHBIN 3aKOH pacrnpenenenus Ha uarepsaie [0,1]. JleiicTBuTensHo,
HalJeM BEPOSTHOCTD Pr{é < x} =F, (x), I7I€ X - HEKOTOPOE AE€UCTBUTEILHOE

ancio u3 unrepsana [0,1]; F; (x) - UHTerpaJibHas (PYHKIUS pacupeeseHus

ciiy4aliHOM BeMUuuHbl & . {7151 9TOro 3aMeTUM, YTO UHTETpal, CTOSIIHUMN B TPaBOit
yacTu (2.19) paBeH UHTErpaJIbHON (DYHKIIMU paclpeeieHus] CIlydailHON
BEJIMYMHBI 1]

F,(»)= [ f,(»)dy (2.20)

¥ B CUJIy TOTO, YTO f, (y) > 0, siBisieTcs Bo3pacTaroiieil GyHKIMeH BepXHEro

npezena y . Torga crnpaBeinBa ClIeAyrONas EeNoYKa PaBeHCTB
F.(x)=Pr{€ <x}=Pr{F,(n)<x |=Pr{n < F'(x) }= F(F " (x))= x

rjae Fn_l(x) - yHKIHMs oOpaTHas UHTETpaIbHOU QyHKIMU pacnpenencuus F, (y)

Ecnmn x<0, To mockonbKy UHTETpas B nmpaBoit yactu (2.19) He MOxkeT ObITh
OTPULATEIILHBIM, Pr{ < x} = (0. AHanoruuso, eciu x>1, To Pr{ < x} =1, T.K.
3HAQ4Y€HHUE ITOTO MHTErpasia He MOXET ObITh OoJibIlie eAMHUILL. TakuM o6pazom

0, —0o<x<0
é(x)z x, 0<x<1 (2.21)
I, 1<x<wx



CnepnoBartenibHO, Clly4aiiHas BEJIMUYMHA & MUMEET paBHOMEPHOE
pacnpenenenue B uareppaie [0,1]. 9To maeT BO3MOKHOCTH TPEIT0KUTh
CIEIYIOIMU aJTOPUTM T'€HEPALMHU CIYYaHHON BEJUYMHBI C IPOU3BOJIbHBIM
3aKOHOM pacIpeacsIeHU:

1-11 wae. I'enepupyercs ciydyaiiHasi BeIUYUHA & ¢ PAaBHOMEPHBIM B
unrepsaie [0,1] 3akoHOM pacrnpeeseHusl.

2-u wae. IckoMas ciydaiiHasi BEIMYMHA 7] TOJIY4YaeTCs B PE3yIbTaTe
CIEAYIOLINUX BBIYUCICHUN

n=F"() (2.22)

rjae Fn_l(x) - yHKIHMs oOpaTHas UHTETpaIbHOU QyHKIMU pacnpenencuus F, (y)

PaccMOTpUM HECKOJIBKO IIPUMEPOB.
IIpumep 1. Heo0X0aUMO MOJIYYUTh CITy4alHbIE YHCHA 1), C IIIOTHOCTBIO

Ay

pacnpezenenus BeposTHOCTU f, (y)=Ae ™, y 2 0 v uHTErpanbHON (yHKIKEH

BEPOATHOCTH F, (y)=1— e, y>0.

ni
CornacHo TeopeMme &, = A J e dy. Torma & =W, (y,)=1—e*". Haxonum
0

1
o0paTHyI0 pyHKLHUIO: 1), = —zln(l —¢,). Yucno &, pacnpeneneHo paBHOMEPHO Ha

untepsaiue [0,1]. Torga u pazHocts 1 — &, pacnpeneneHa paBHOMEPHO HA TOM XK€

1
uHTepBaiie. [IoaToMy nociieHee BEIPAKEHUE MOXKHO YIIPOCTUTH: 1), = —zln ..

IIpumep 2. Heo0X0aUMO MOIYYUTh CIIy4aiHbIE YNCIA 7], ¢ PABHOMEPHBIM

1

B UHTEpBAJe [a,b] pacnpezenenueM. B aTom ciyuae F (77,- ) = b—a. O6patHas

byHKIMA N, = a + (b — a)él..
IIpumep 3. Heo0X0aMMO MOTYYUTh CIIy4aiHbIE YUCHIA 7], ,

pacnpeiesieHHbIE IO 3aKOHY Periest. Y Takoro ciiy4aiiHOro 4uciia mioTHOCTh
pacrpeiesieHus BEpOITHOCTH M MHTETrpalibHasi (DYHKIIUS BEPOSTHOCTU UMEIOT

COOTBCTCTBCHHO BHU[

2 2
Yy Yy

fn(y)=§e 290y >0, F(y)=1-¢ 2, y>0.

Ciy4aliHble 4HCIIa 1), MOXKHO MOJIIYYUTh IIyTEM CIIEIYIOIIETO
npeoOpa3oBaHus paBHOMEPHO pacrpeiesieHHbIX B uHTepBaiie [0,1] cnydaitHbix

yucen &: 1, =o./—2In(1-¢&,) wm n, =c,/—2In(&,).

Henocratku pPaCCMOTPCHHOI'O METOAAa 3aKJIIIOYa0TCsA B TOM, YTO



® UHOTJA TPYAHO HAlTH 00paTHYIO PYyHKIMIO (HE OepeTcs UHTerpall B

(2.19)),
e TpeOyeTcsl JOCTAaTOUYHBIA Pacxoj MAlIMHHOIO BPEMEHH Ha

) -1
BBIYUCIICHUE 00paTHOW QyHKIMHK F|~, KOTOpast, KaK MpaBuiIo,

SIBJIIETCSA CJIOKHOMN.

2.2.2.2. Memoo Kycounoii annpoKkcumayuu niomHoCmu pacnpeoenenus
eéepoamnocmu ( Memoo H. I1. Bycnenko)

CyTb METOZ1a COCTOUT B 3aMEHE INIOTHOCTH PACIPEAEICHUS BEPOATHOCTH
CTyneH4yaTol pyHkuueir — HabopoM K NpsSMOYrojIbHUKOB, BHIUCAHHBIX B HEE U
MMEIOIINX OJUHAKOBBIE IIOLIAIN.

n) -

-

e

a aa.,, b vy

Puc. 2.5
IIpenBapuTenbHO NEpe] anpoKCUMaIUeN IIIIOTHOCT PACIIPEEIEHHS
BEPOATHOCTH IOJABEPraeTCsl YCEYEHHUIO B XBOCTaX HA MHTEPBAJIE [a,b].
[Inomaau K npsMOYTrOJIBHUKOB JOJIKHBI OBITh OJIMHAKOBBIMU M PABHBIMU
1/K . BblaesuM npsiMOyroJIbHUK ¢ OCHOBaHHEM [ak,ak+1 ] , €T0 IIJI0IAIb

A+l 1

[1,0)dy=— (2.23)

ag

Ha ocnoBanmm (2.23) mocnaeaoBaTeIbHO BRIUUCIISIIOTCS 3HAUCHHS
a, =a,0,,...,a, ,d, ..., = b, HAUNHASA C TOUKU @ U 3aKaHYMBAsI TOUKO D.

AJTOPUTM MOJIETUPOBAHMS 3aKIIIOUAETCS B TIOCIEA0BATEIbHOCTH
CIEYIOIMX JIEUCTBUN:

1-ti wae. I'enepupyeTcs paBHOMEPHO pacnpenesieHHoe Ha uatepsane [0,1]
cllydaiiHOe uucio &, .

2-1i wiae. C MOMOILBIO TOTO YHCIIA ONPEAENAETCI HOMED
k= [(K 1) + 1], rae [] - OIIepaTop OKPYIJIEHHUs 10 OJIMKalIero nesnoro. Takum
00pa3oM, BblAEISETCA UHTEpBAI [a, ,a,,,].



3-u wae. I'eHepupyeTcs cieayouee Yucio &,, paBHOMEPHO
pacnpenenennoe Ha uarepsaie [0,1].

4-i1 wae. Beraucnsercs cayd4aiHOe YUCcho N =a, + (a i — Ay )52 . Hucno i
SIBIIAETCS PEATU3ALUEN CITy4YalHOW BEJIMYMHBI C 3aJaHHBIM 3aKOHOM
pacrpeneneHusl.

PaccmoTtpennsiit MmeTon yaoOeH npu Hebompmux K (10 64).

JIoKakeM MpaBUIIBHOCTH JAHHOTO anroputMa. st 3Toro pacCMOTpuM
MHTETPATbHYIO (YHKIUIO PACTIpeieNICHUS CIIydaiiHOW BETUYHHBI 1]

K
Fﬁ(;):Pr{ﬁ<J~’}:ZPr{ﬁ<J~’| a, <& <ak+l}Pr{ a, <& <ak+1}
=

Vuuteias, uto Pr{a, <& <a,  }=1/K,aff=a, +(a,,, —a, )&, npu
a, < <a,, , NOIy4UM

V-ai
1 K Qk+1 7%

ZPI‘ S, < Y- AL :_Z Jfg(x)dx

Ay — 4 K=

B cuny coiicTB Gynkiun f, (x) BCE MHTETPAJIbI NIOJ] 3HAKOM CYMMBbI PaHbl HYJIIO

3a UCKITIOYCHHEM OJTHOTO C HHJIEKCOM /1, ITIsl KOTOPOTO HHTEPBAT [am ,amH]
COJIepUT TOUKy V. Torma

m+1

HuddepeHunpys 1aHHOE paBEHCTBO, MOJTYYUM IJIOTHOCTh paclpeeIeHHs
CIIy4aiiHOW BETUYHHEI 1]

fr ()= = la Tf@(y)dwﬂ(y)

I7I€ ) - HEKOTOpasi TOYKa U3 UHTEpBaja [am ,a ], IpUYEM B OOIIEM ClTyyae

m+1
y # y. llocneaHee paBeHCTBO 3alMCaHO HA OCHOBAHUU TECOPEMBI O CPEITHEM
(Teopemsl Jlarpansxa). CinegoBaTesbHO, MPU MAJIOW MPOTSIKEHHOCTH UHTEPBAJIOB,
Ha KOTOPBIC ICITUIICS MHTEPBAI [a,b] , TNIOTHOCTH PACTIPEIEICHUS CITyIaiHBIX
BEJIMYMH 7] W 1) COBIAJIAIOT C BBICOKOH TOYHOCTBIO. DTO JOKA3bIBACT
MPaBUIIBHOCTH PACCMATPUBAEMOTO aJITOPUTMA.

JlocTronHCTBOM MeTo1a ByclieHKO SBIsSETCS MaJIOe YHCIIO OTlepaIui, He
3aBucsliee or K . Hegocratkom MeToaa ABISETCS TO, YTO TOYHOCTh



AlIMpOKCUMAalIH INIOTHOCTH NPAMOYTOJIbHUKAMHA HC OJMHAKOBA HAa BCEM
HHTCPBAJIC 3aaHUs IMIIOTHOCTH [Cl,b] M 3aBHCHUT OT 3HA4YCHUA IINIOTHOCTHU j[n (y)

YeM MeHbIlIe j[n (y) Ha JaHHOM MHTEpBAJIC, TCM MCHLIIC TOYHOCTD, TaK KaK

OCHOBAHHUC BIIUCAHHOI'O MMPAMOYT'OJIbHUKA OoJblIIE.

2.2.2.3. Memoo ombopa Heiimana (memoo omka3zoe)

OTOT METOJ| TaKXKe MPEeAnoiaraeT yceueHne mIOTHOCTU BEPOSITHOCTH
CIIpaBa U CJIeBa Ha HEKOTOPOM uHTepBaje. Ciy4aiiHas BEIUYMHA 1]

XapaKTEPU3YETCs IIOTHOCTBIO PACHIPEIENEHUS BEPOATHOCTH f, (y), KOTOpast

ycekaeTcs Ha mHTepBane [a,b].

2/10)
f nmax¢---------

1 1 G S

U [

T

¢ ---------49

L

Q

A
3

<

Puc. 2.6

3aTeM reHepHUpYIOTCS [Ba PAaBHOMEPHO PacIpeAeIeHHbIX CITydaifHbIX
yucna: £ U &, W OCYIIECTBIAETCS MPOBEPKa, MOMANACT JIM TOUKa ¢ KOOPANHATAMU
[a +(b-a),, fnmaxézj TI0JI KPMBYIO IUIOTHOCTH BEPOSTHOCTH. 31€Ch f, .\ -
MaKCHUMyM IUIOTHOCTH f, (v). Ecii 510 Tak, TO 3aOMMHAETCS TIEPBOE YHCIO &, ,
KOTOPOE U MCIIOJIb3YeTCS AJIsl BEIYHMCIICHHS 3HAUCHUS CIy4ailHONW BeTHMUYMHBL 1) =&, .
Ecnu Touka [a +(b-a),, fnmaxézj HE T0Maja Mo/ KPUBYIO IUIOTHOCTH,
reHepupyeTcst HoBas napa & u &, .

JIokakeM NMpaBUIBHOCTH PACCMAaTpUBAEMOro anroputMa. Kpurepuem
otOopa napel & u &, ABIAETCSA OUYEBUAHOE HEPABEHCTBO (CM. puc. 2.6)

5(&)

& <
ﬂ]max

(2.24)

ITapbl ciy4aliHBIX YUCel, YAOBIECTBOPSIOIINE 3TOMY YCIOBUIO, MOKHO
paccmaTpuBaTh KaK KOOPAUHATHI CIIYYalHBIX YMCEII HA IUIOCKOCTU, PABHOMEPHO



pacnpeeieHHbIX BJIOJIb OCEH yu f, (v). BeposiTHOCTB TOTO, UTO CTydaiiHas TOUKA
Ha [JIOCKOCTH, TIONABIIAs MO/l KPUBYIO f, (v), oxaxercs B HnEMEHTAPHOI MONOCE C
ocHOBaHMeM |y, y + Ay| paBHa, oueBMIHO, MIIOWIA M YTO HOIOCHL, T.€. /y (y)Ay.

OTO0 U eCcTh YCIOBHE HEOOXOUMOE /JIsl TOTO, YTOOBI CIy4aiiHas BeTMYMHA
n=a+ (b —a)f, MMena 3a1aHHYIO IIOTHOCTh PACTIPEIENEHNS BEPOATHOCTH /y ().

Takum 00pa3oM, aaropuT™M NOJYyYEHUs MOCIEI0BATEILHOCTH CIyYaliHbIX
qucell, 00J1aJalouX 3aJaHHON IJIOTHOCTBIO, MOXKET ObITh C(HOPMYITUPOBAH
CJIEAYIOIIUM 00pa3oM:

1-ti wae. I3 ucxoaHOM COBOKYITHOCTH PAaBHOMEPHO pACIPEACICHHBIX HA
untepsaie [0,1] uncen BeiOMpaeM napsl Eu &, .

2-1i wae. J1jist TUX YUCeN OCYIIECTBIISIETCS] MPOBEPKA HEpaBeHCTRa (2.24).

3-1i wae. Ecnu HepaBeHCTBO (2.24) cipaBeIlTMBO TO MEPEXOIUM K wuiazy 4.
B npotuBHOM ciydae k waey 1.

4-1i wae. Eci HEPABEHCTBO BBIMOJIHAETCS, TO OUEPETHOE YUCIIO
OTpeJENsIeTCs] COTIaCHO COOTHOIICHUIO - ) =a + (b — a)§1 :

OrnrcanHas BbIIIE MPOIIEAypa 0TOOpA CIyUYaHBIX YUCET MOXKET
noTpeOoBaTh CYIIECTBEHHOI'O YHUCIIa BHIUMCIICHHUM, B OCHOBHOM 3a CUET
BBIYMCJICHUS MPaBoOi yacTu HepaBeHCTBa (2.24). Kpome Toro, He Bce maphl 4ucen
& m &, OynyT ynoBineTBopsATh (2.24) U, Cie10BaTEIbHO, HEKOTOpAs 4acTh ITUX Hap

Oyznet oropouieHa. HeciioxHo mokas3aTh, 4TO BEPOSITHOCTb OBITh OTOPOIIEHHOM

. 1
11 HekoTopoi napsl Eu &, paBHa P . =|1-—————— |. O4eBUIHO, YTO C

o
f;]max (b - a)
YBEJIMYEHHUEM IUIOMIA/IA MPSMOYTOJIbHUKA, B KOTOPBII BOUCKIBAETCS Ipaduk

IJIOTHOCTH PACTIPEIENIEHUS. BEPOATHOCTEH f, (v), 5Ta BepoATHOCTH GHICTPO

CTPEMUTHCS K €JUHULE. boJbIlIoe KOJIMYECTBO OTOPOLIEHHBIX Map NPUBOJUT K
JOTIOJIHUTEIBHBIM 3aTpaTaM MAIIMHHOTO BPEMEHH.

2.2.2.4.I'enepayusn OucKpemuvix CJ1yuaiiHbvlX 6e1UYUH

CrnyyaitHasi BeJIMUMHA 1) HA3bIBACTCS OUCKPEmHOU, €CITu 00J1acTh €€
3HAYEHHIT — KOHEUHOE MM CYETHOE MHOXKECTBO {V,,V,,... |, T.6. MHOKECTBO BCE

JIEMEHTBI KOTOPOr0 MOXKHO NEPEHYMEPOBATh. 3aKOH paclpeneIeHUs
BEPOATHOCTEH! 3a1a€TC MHOXKECTBOM {p,, p,,... |, Tae p, =Pr{in=y }-

BCPOATHOCTD TOI'O, YTO B XOAC SKCIICPUMCHTA CquaﬁHaH BCJIIMUMHA IPUMET
3HAa4YCHUC y .I[JISI JaHHOT'O MHOXKCCTBA BepOHTHOCTeﬁ JOJDKHO BBITIOJIHATHCA

yCIIOBUE€ HOPMHUPOBKHU

;Pm =1 (2.25)



ANTOpUTM reHepaly 3HaY€HUM CIIy4YallHOM BEJIMYMHBI 7] BKJIKOYAET B
ce0sl creayroNue maru:

1-1i wae. Untepsan [0,1] pazouBaerca toukamu 0=a,,a,,a,,... Ha OTPE3KU
IJINHOW p,, P, ,.... B cuiny (2.25) konn4ecTBO TakuX OTPE3KOB OyeT paBHO
KOJINYECTBY 3HAYEHUM CIIy4alHON BEJIMYMHBI, a MIOCIEAHUN OTPE30K CBOUM
MpaBbIM KOHIIOM Oy/€T UMETh IPaHUYHYIO TOUKY 1.

2-1i wae. I'enepupyetcs ciiydailHasi BeJIMUMHA & C paBHOMEPHBIM Ha
unrepBaiie [0,1] pactipeneneHueM U onpeaenseTcss HOMep 0Tpe3Ka m, Ha KOTOPBIN
BhITIAJIACT & .

3-1 wae. 3HAYEHUE CIIy4allHOM BEJIMUYMHBI ONIPEAEISIETCS KakK

n=y, (2.26)

JIokakeM, 4TO alrOpUTM ACHUCTBUTEIBHO NAeT HYXKHBIN pe3ynbTar. [
9TOr0 OIPEIEIIUM BEPOATHOCTH Pr{n = ym}

Pr{n:ym}:Pr{am Sg <am+1}:am+l _am :pm

ITony4yeHHOE paBEHCTBO JOKA3bIBAECT IPABUIILHOCTH AIITOpUTMa. JlaHHBIN
AJITOPUTM I103BOJISIET TEHEPUPOBATH TUCKPETHBIE CIIyYailiHbIE BEIMUYMHBI, YUCIIO
COCTOSIHUI KOTOPBIX MOXKET OBbITh KOHEYHBIM WJIM CYETHBIM O€CKOHEUYHBIM.

2.2.2.5. Mooenuposanue cayuaiuHbviX 6e1UYUH C HOPMATbHBIM 3AKOHOM
pacnpeoenenus eepoAmHocment

HopManbHble citydaiiHble BETMYUHBI UTPAIOT OCOOYIO pOJIb B TEOPUU
BEPOSITHOCTEN, MaTEMAaTUYECKON CTAaTUCTUKE, (pu3uke, paguorexHuke. CBsizaHo
3TO € TE€M, YTO OIIMUOKH U3MEPEHUH 11 MHOTUX (PU3MYECKUX BEIMYUH UMEIOT
IJIOTHOCTh pacrpeieNIeHUs] BEPOSITHOCTEN OIM3KYI0 K HOpMaJbHOM

e—()f—u)2/2cr2
g(x)=————. x| <0 (2.27)

\2no?

e [l - MaTeMaTUYeCKoe OKHUaHue, G~ - qucnepcus. MHTerpanbHas GpyHKIus
pacrpeneneHus paBHa

G(x)= % 1+ erf(%j (2.28)



2
rae erf(x “dt - pynknus omm6ok. B cBasm ¢ Tem, uto G(x) He

7
-2
Jm g
BBIPAYKAETCA Yepe3 JIEMEHTApHbIE PYHKLINUH, METOA OOpaTHON (DYHKLIMH HE MOXKET
OBITh UCIIOJIB30BAH AJI F'eHepalii HOPMaJIbHBIX CIy4ailHbIX Beau4uH. [loaTomy B
JAHHOM CJIy4ae UCIONBb3YIOTCS Apyrue MeToibl. [Ipexae yeM npucTynuTh K uxX
U3JI0’KEHUIO, C/leJIaeM OHO 3aMeuanue. HazoBeM cmanoapmmuoii HOpMaabHYIO
CIIy4ailHy10 BEeIMUUHY & C HYJEBBIM MAaTEMAaTUYECKUM OKUIAHUEM U €IMHUYHOU

aucnepcuen. Ee ImoTHOCTh pacpeiesieHUs paBHa

X <0 (2.29)

go(x):ﬁa

CraHaapTHYIO CIIy4aiiHYIO0 BEJIMYKMHY IPOCTHIM JIMHEWHBIM TPeo0pa3oBaHueM
n=05+pu (2.30)

MO>KHO ITpeo0pa3oBaTh B CAyYalHYIO BEJIMYMHY C MATEMATHUYECKUM OKUJaHUEM
u u aucnepeueii o’ . TlosTromMy B qanbHeiieM 6yaeM paccMaTpuBaTh METOIbI

MOJIEJIMPOBAHUS CTAHAAPTHOU HOPMAJIBHOM CIIy4YalHOW BEJIUYUHBI.
ITepBeIi1 METO I'eHEPALMU UCTIOJIB3YET YCTAHOBICHHBIN B TEOPUHU

) V) ) A
BEPOSITHOCTEN (DAKT, UTO CIIy4ailHbIN BEKTOp & = (5 P ,) , KOMITOHEHTaMH
KOTOPOI'O BJIIIOTCS HOPMaJIbHbIE HE3aBUCUMBIE CITydaliHble BEIMUUHBI &, U &, C
HYJIEBBIMU MAaT€MaTUYECKUMU OKUIAHUSAMU U OJJMHAKOBBIMU JUCIIEPCUSAMM,

uMmeeT MHy p =,/E° + &7, pacnpesienieHHyIo 1o 3akoHy Penest, u pazy

Q= arctg@ /Ex ) , PABHOMEPHO paclpe/IeICHHYI0 Ha HHTepBaje [0,27‘[]. Torna
CITy4aiiHble BETMUUHBI &, ¥ &, MOTYT OBITh TIOJYYEHBI U3 CIyYallHBIX BEIMYUH P
¥ () TPOCTHIM TIEPEXOIOM H3 TIOJSAPHOI CHCTEMBI KoopauHaT (p,¢) B AekapToBy

E,=pcosp, &, =psing (2.31)

JIsl TEHEPALUU e O U (0 MOXKET ObITh UCIIOJIb30BaH METOJ 0OpaTHOM
p puoQ p
¢byukuuu (cM. pazaen 2.2.2.1, npumepsl 2, 3)

p=+—2In&,,p =27, (2.32)

rae & u &, - He3aBUCUMBIE paBHOMEPHO pacnpeenceHuble B uHrepsaie [0,1]

CIIly4alHbIE BEJIMYMHBI.

JIaHHBIM METOJ MOJEIUPOBAHUS YaCTO UCIIOIB3YETCSA I TeHEPaLUU
KOMIUIEKCHBIX CJIYYalHbIX BEJIMYMH, T.K. IO3BOJISIET OJHOBPEMEHHO IOJIYy4aTh
3HA4YCHUA UX JCUCTBUTEIIBHOM U MHUMOW yacTter. HegoctatkoMm JaHHOTO BMETOAA



SIBJISIETCS HEOOXOIUMOCTh BBIYUCIISITH 3HAUCHUS YETHIPEX JIEMEHTAPHBIX
byHKIuit: sin, cos, In, \/7 . OTO 3HAYUTEIBHO YBEIIMYMBAET BPEMSI T€HEPALUU.

[Ipu noBbIIEHHBIX TPEOOBAHUSIX K OBICTPOAEHCTBUIO MOJEIUPYIOLIUX
MPOrpaMM UCHOJB3YIOT BTOPOIl METO/, OCHOBAHHBIN Ha YeHMpPaibHOU NpeoenbHOu
meopeme TEOPUU BEPOATHOCTEN: PACIIPEAECTICHUE CIIyYaWHON BEIUYNHBI

eIV %Zén—u (2.33)

o) n=1
[Tommy4eHHOM B pe3yabTaTe CyMMHPOBAHUS HE3aBUCUMBIX CITYYalHBIX BEJIMYNH
£.,8,,...,&, , KOTOpbIE UMEIOT IPOU3BOJIBHBINA 3aKOH PACIIPEAEIEHUS C
MaTEeMaTUYECKUM OXKHJIAHUEM L W JUCTIEPCUCH o, npu yBeauaeHun N
CTPEMUTCA K CTaHAAPTHOMY HOPMAJIbHOMY PaclpesieeHuo g, (x) NuabiMu

clloBaMu cpefHee apupmMerndyeckoe N MPOU3BOJIBHO PaCIpeIEICHHbIX
N

CIIyYalHBIX BEJIMYUH 7] = —Zén ABIIgeTCs Npu 0oabux N HOpMalbHOU

n=l1
cly4aifHOM BeNTMUYMHOM ¢ MaTeMaTHYECKUM OKMAAHUEM L U Aucnepcuel o’ / N.
OcHoBBIBasiCh Ha ATOM (pakTe, AJi1 FreHepalMi CTaHJAPTHON HOPMaJIbHON
CIly4ailHOW BeTMYUHBI UCTIONB3YI0T N =8...12 ciayyallHbIX BETUYUH C
paBHOMepHBIM B uHTepBaje [0,1] pacnpenenenuem. Y 106Ho BeiOpath N =12 u
MOJTYYUTh

E=)E,—6 (2.34)

n=l1

Uucno N MOKHO yMEHBIINUTb, €CJIM BBECTH CHELUATIBHYIO ITONPABKY

U D
§=§+m(§ ~3F) (2.35)

N
rae & = %Z(én - %) [Ipu ucnonszoBanuu (2.35) N MOXKHO B34Th paBHBIM
n=l1

5...7.

PaccMOTpeHHBIN METOI N'eHepalMy 3HaYUTENIbHO JIYYIIe 110
OBICTPOJEHCTBHUIO, UeM MepBblil. OTHAKO MPU ITOM BeIMYMHA & HUMEET
OrpaHUYEHHYI0 00acTh 3HaueHui. [Ipn HeoOX0IMMOCTH BOCIIPOU3BEACHUS
OOJBIIMX BEIOPOCOB & MPENNOYTEHUE CAEAYET OTAATh IEPBOMY METOY
reHepalnH.

2.2.3. MeToabl reHepauuu cny4amHbiX BEKTOPOB



A o
BekTop n = ( ool M) Ha3bIBACTCA CIYUAUHBIM, €CITU €r0 KOMIIOHEHTHI —

CIIly4alHBIE BEJIMYMUHBI. B OTCYTCTBHE CTATUCTUYECKOU CBA3U MEKIY
KOMIIOHEHTAMHU T€HEpALMs BEKTOPA 1| CBOAUTCS K reHepauuu M He3aBUCUMBIX

CITy4aiiHBIX BEJTMYHMH, U MOXKET OBITh TIPOBEICHa PACCMOTPECHHBIMU BHIIIIC
MeTtoaamu. OTHAKO HA MPAKTUKE Yallle BCTPEUACTCS CIIydaid, KOria KOMIOHEHTHI
BEKTOpa 3aBUCUMBL. [Ipu 3TOM 3a/1aua MOACTMPOBAHKS 3HAYUTEITHLHO
ycroxHsieTcs. [IpakTndeckoe UCToIb30BaHUE TIPH PEIIICHUH TAHHOMW 3a]1a4u
HaIIUTU JIBA METOJIa — Memo0 YCA0BHbIX 8ePOSIMHOCHEL U 0000WeHHbII MemoO
Hetimana.

2.2.3.1. Memoo ycnosHnulx eepoamuocmeil

) ) A
CityyaliHblil BEKTOp 1M = ( seeesT] M) CUUTAETCS MOJHOCTHIO OMUCAHHBIM C

BEPOSITHOCTHOW TOYKH 3PEHUS, €CIIM U3BECTHA COBMECTHAsA M -MepHas MIIOTHOCTh
pacnpenesieHusi BEPOSITHOCTEN fn(yl,. e yM) WJIA COOTBETCTBYIOIIAS €1

MHTErpajgbHas QyHKIMS pacrpeaeneHus

N Ym
Fn(yv'"’yM): del"' deM fq(y19"'9yM)

COBMGCTHYIO IJIOTHOCTBb BEPOATHOCTU MOIKHO IMPCACTABUTL B BUJIC

SaOiseesyi)= £, Gy G valn)

1‘771

rue f, | (v,) - Ge3ycnoBHAs IOTHOCTH PACTIpe/Ie/IeH s CITydaiiHON BETHUMHBI 1], ;

Ja

T
n, =( sseeesl] M) IIPU YCIOBUM, YTO 7], = ), . DTy YCIOBHYIO IIJIOTHOCTb B CBOIO

n (yz,. . yM| yl) - YCJIOBHASI IJIOTHOCTh pacipeiesieHus: CIy4ailHOro BEKTopa
1

o4cpeab MOXKXHO NPEACTABUTL B BUAC IMPONU3BCACHUA

P NSO UV 0 S G0 VN Rty

rue f, " (y2| yl) - YCIOBHAas INIOTHOCTD PACIPEACIICHUS CIly4aliHOW BEIUYUHEI 1),

1‘771 2‘7717772

TpH YCJIOBHH, YTO 1, = y; f, (y3,. . yM| Vi yz) - YCIIOBHAs! INIOTHOCTh

2‘771 12
) T

pacripesielieHus Clly4aifHOro BeKTopa 1, = (173,. . M) IpHU YCIOBUH, YTO 1), =,

n, =y, . lIlponomxkas nogoOHBIM 00pa30M, MOKHO MOJIIYYHUTh CIIEYIOIIEE

npenacrasieHue M -mepHas IIIOTHOCTH B BUJIE POU3BEACHUS M OIHOMEPHBIX
IJIOTHOCTEN, M —1 U3 KOTOPBIX SIBASIOTCS yCIIOBHBIMHU



—1

foWisesyi)= £, OIS, Dalyiseesrn) (2.36)

Bce Bxonsimue B mpaByto yacth (2.36) 0JHOMEPHBIEC TNIOTHOCTH MOYHO
MOJIYYUTh UHTETPUPOBAHUEM UCXOAHOU M -MepHas NIOTHOCTU

£, 0= [ /0 v i s by

1
fnm(Y2|Y1):mjﬁ](yl,y2,...,yM)dy3...dyM
1
/. V3| Vi V2 )= Fo s Yoo s Vi )Y, .. dy
’73\7717772( 3| ! 2) ﬂl(yl)f;Qm(nyl)J‘ 11(1 2 M) 4 M
U T.1.

Ha ocnoBanuu (2.36) MOKHO NPEIJIOKUTh CAEAYIOLUNA aarOpUTM
V) A
MOJIENTMPOBAHHS CIydaitHOro BekTopa N =(1,,....1n,, )

1-ti wae. 110 N3BECTHOI MIOTHOCTH f, (yl) TEHEPUPYETCS 3HAUCHHE
1

CIIy4aiHOU BEJIUYHUHEI 7, ;

2-ui wiae. Tlo M3BECTHOMN MIIOTHOCTH f, (y2 |171) TEHEPUPYETCS 3HAUCHUE

2 ‘771
CIIy4aiiHOM BEJIMYUHEI 1), ;

m-il wae. Tlo u3BecThoit mioTHOCTH f, | s esms)

TEHEPUPYETCs 3HAUYCHUE CIIYYalHON BEJIMYUHEL 1], U T.J.

Mo Mm—1

Ha xaxxnom n3 M 1maroB MmoaenupyeTcs COOTBETCTBYIOIIAs KOMIIOHEHTA
BEKTOpA 1| MPU UCTHOJIb30BAHUU JIFOOOT0 U3 PACCMOTPEHHBIM BBIIIIE METOIOB

reHepaluuy OAHOMEPHBIX CIy4YalHbIX BEJINYNH.

JIaHHBIN METOJ ABIIETCS JOCTATOYHO MPOCTBIM C TOYKH 3PEHUS €TI0
IIporpaMMHON peanu3anuu. OJTHaKO y HETO €CTh CYIIECTBEHHbIN HETOCTATOK —
HEO0OXOIUMOCTb BBIYUCIIATH MHOTOMEPHBIE MHTETPaJIbl JJIsl OTIPEEICHHUS
YCJIOBHBIX IIJIOTHOCTEN pacnpeacsieHUs] BEPOATHOCTEN.

2.2.3.2. O606wennvtit memoo Heiimana

JlaHHBII METOM, KaK CIIeyeT U3 €ro Ha3BaHUs, SIBISETCS
HETMOCPeCTBEHHBIM 00001eHneM Metoa Helimana (cm. pasznen 2.2.2.3). Boumem
wiotHocTs f,(¥,,..., 7, ) B HekoTOpbIit (M + 1)-MepHbIii napasienenume

{al <y <b,...,ay, <y, <b,0<f < fnmax}, THE f\max - MAKCUMAIILHOE 3HAUCHHE
GyHKINHT fn(yl,. ..,V )- Ec mnoTrOCTS fn(yl,. ...V, ) IMeeT GeCKOHEUHbIe

XBOCTBI, TO UX HGO6XOI[I/IMO yCCUb, IPpUYCM CACIIATb 3TO CJICAYCT TAK, YTOOBI



BEPOATHOCTH MOTIAJIAHKS CITYYaifHOro BeKTopat 3a npeaenst (M + 1)-MepHOTro
napajenenunena Obuia NPpeHeOPeKUMO MaJIol. AJITOPUTM MOJEIUPOBAHUS 1)

COCTOUT B BBIIIOJHEHUU CIIEAYIOMIMNX IIAroB:
1-ti wae. I'enepupyercs M + 1 He3aBHUCUMAs ClydailHas BETUYMHA

. }f:ll , I3 KOTOPbIX M TepBbIX paBHOMEPHO pacHpe/IesIeHbl B HHTEpBalax

[al,b1 ). .,[aM,bM ),amn,,,, - PABHOMEPHO paclpe/ielieHa B MHTepBae [0, Symax ), rae

Symax - MAKCUMAJIGHOE 3HAYEHHE TUIOTHOCTH f, (¥,...,v,, ) B HapamIenenumese.
2-1i wiae. Ecny BBINONHAETCS yCIOBUE 17,,,, < fn( LseeesT] M), TO O4YepeHas

peann3anys CIy4aiiHOro BEKTOpa MOJIy4aeTcsl Kak

n= M) (2.37)

3-1 wae. Ecnu ycnosue n,,,, < fn( Lse- .,nM) HE BBINIOJIHAETCSA, TO YUCIIA

M+1 )
., }m:l OTOpachIBAIOTCS U HEOOXOAUMO NEPEUTH Ha miar 1.

JIaHHOMY METOAY IPUCYLIU T€ K€ JOCTOMHCTBA U HEIOCTATKH, YTO UMEET
U ckajsipHblid Meto Heiimana. OgHako KOJIMYECTBO OTOPOILIEHHBIX peanu3anui

M+1 V)
{ m} " npu M >2 Oyjer cylecTBeHHO Oosblie. JlefCTBUTENBHO, HECTO0KHO

m=l1
TIOKA3aTh, YTO BEPOSTHOCTH OBITH OTOPONIEHHO [Tl HEKOTOPOH peatu3aluu
pasna P, =(1—-1/V),rae V - o6vem (M + 1)-MepHOTO TIapasiiesenumesa.

om

2.2.3.3. Mooenuposarnue HOPMATbHBIX CTIYYAUHBIX 6EKMOPOS

CityuaiiHble BEKTOPbI C HOPMAJIbHBIM 3aKOHOM paclpeieIeHuUs

fly)= (2ﬂ)M/21 N exp{— %(y -n) R (y- u)} (2.38)

r7e 1, - BEKTOp MaTeMaTHYCCKUX OXKU/IaHMiA, a R, - KoppemsinoHHas Matpuiia,

OYEHb YaCTO BCTpevaroTcs B 3a1adax moaenuposanust PTC. C 3agaueit renepaiuu
CIIy4alHBIX BEKTOPOB MOKHO BCTPETUTHCS MTPU MOJEIUPOBAHUS CUTHAJIOB Ha
BBIXO/I€ AHTEHHOM PELIETKH, COAEPKAIIEN M DBIEMEHTOB, IPU MOAEIUPOBAHUN
00pabOTKK CUTHAJIBLHOM Mauyku U3 M OTCYETOB U T.II.

3aga4a MOIEIMPOBAHKS CTABUTCS TAK: IyCTh 3a1anbl B, ¥ R, TpeOyercs

HalTH alNroput™ (GOPMHUPOBAHMS CIIYHaTHOTO HOPMAJIBLHOTO BEKTOPA C 3aaHHBIM
BEKTOPOM MAaTEMATUYECKUX OKUIAAHUNU U KOPPEIALMOHHOM MaTpuliel. B ocHoBe
aJTOPUTMOB MOJEJIIMPOBAHUS CIIyYalHbIX HOPMAJIbHBIX BEKTOPOB JIEKUT
CIEYyIOIIasi TEOpeEMa TEOpUM BepoATHOCTEN. CiydailHbIld BEKTOP

n=AS+a (2.39)



[Tony4yeHHbIH B pe3ysbTaTe JIMHEWHOTO MPeoOpa30BaHMsI HOPMAIbHOTO
CllydaliHOro BekTopa &, Taxke OyJeT MMETh HOpMaJIbHOE pacIpeeieHue. 31ech

A U a - HeCIy4ailHble MaTPUIA U BEKTOP COOTBETCTBEHHO.
[TycTh & - cnydaiiHblil BEKTOP, COCTaBICHHBIN U3 HE3aBUCUMBIX

CTaHJAPTHBIX HOPMAJIBHBIX CIy4aiHbIx BenuuuH. [pu atom p, =0 u R, =1, rae

I - enunnynas marpuna. Haiinem takyro maTpuily A U BEKTOp a, 4TOOBI 1| UMEN
3a/IaHHBII BEKTOP MATEMATHYCCKUX OKHUAAHUN W, ¥ KOPPEISLUUOHHYIO MATPULLY

R, . Haunewm c oTpicKaHus BeKTOpa a. J[jist 3TOro HaiieM MaTeMaTHIeCKoe

oku1aHue o0enx yactel paBeHcTBa (2.39)

n, :E{n}:AE{é‘;}+a:A0+a=a

CrnenoBatenbHO, BEKTOp a =M, .
Haiinem Teneps matpuny A . Jliig storo npeactaBum n—a = Af u ais
KOPpENIAIMOHHON MaTpuIisl R, momyanm

R, =E{n-a)ln-a) |= E{AL’A” }= AE{eE" JA7 = AAT
CrenoBaTenbHO, MAaTpULla A JOJKHA HAXOAUTCS U3 YCIOBUS
AA" =R (2.40)

[Ipryem naHHast MaTpuLia MOKET UMETh Jt000# Bua. Eciiu 1omycTuTh, 4To
MaTpuia A - HWXKHSS TPEyroyibHas (T.€e. MaTpHIla BCE 3JIEMEHTHI, HAXOSIIIHECS
BbIIIIE IJIaBHOM JIMaroHallv, paBHbI HYIIIO)

a, 0 0
0
A=l 2 : (2.41)
aMl aM2 aMM

TO Halla 3a/a4a CBEJIACh K U3BECTHOMY B JIMHEIHOMN ajiredpe NnpeCTaBICHUIO
CUMMETPUYECKOM MaTpullsl R, B BUJIe IPOU3BEIEHUS IBYX TPEYTOJIbHBIX MATPHUIL

T
A u A’ . Takoe npeAcTaBI€HUE HA3BIBAETCA pasnodceHuem Xoaeykozo. Ilpu atom
5JIEMEHTBI MATPHUIIbl A BBIPAXKAIOTCS YepPe3 AMEMEHThI MaTpullbl R, ciemyrommm

oOpazom



(2.42)

1 m—1
_ _ 2 _ _
amm - rmm amn > amn - rmn rmkrnk
a k=1

n=l1 mm

rue 7,

M a, -DJIEMEHTH MAaTPHII Rn u A, CTOSIIIME HA IEPECECUCHUU M1 -1
CTPOKH U 71 -TO cTon01a. J[Jis BRIMOSHEHUSI Pa3I0KEeHHUS XO0JICI[KOTO CYIIECTBYIOT
COOTBETCTBYIOLIME OMOJIMOTEYHBIE TOANPOTPAMMBI.

Takum oOpazom, aJITOPUTM T€HEPAIIMU HOPMATBHOTO CIy4aiiHOTO BEKTOpa

C 3aJlaHHBIM BCKTOPOM MATCMATHUUYCCKUX O)KI/II[aHI/II‘/’I lln u KOppeHHHHOHHOﬁ

MaTpULEeH Rn UMeEET BUJ

n=AS+p, (2.43)

rjae A - MaTpuIla U3 pazioxKeHust X0JICIKOTO JIJIsi KOPPEISIMOHHON MaTpullbl, a §

- BCKTOp, COCTaBJICHHBIM M3 HE3aBUCUMbBIX CTaHAAPTHBIX HOPMAaJIbHBIX CJIy‘IaI)'IHBIX
BCINYHH.

2.3. ModenupoeaHue cny4alHbIlU npoyeccoe

Kak oTMeuanocs Bblllle paJlHOCUTHAJ, SBIISIOLIMNACS HOCUTEIIEM
uH(popMaIK, BECbMa 4acTO UMEET CIy4yalHbIil xapakrep. To ke camoe MOXKHO
CKa3aThb UM MPO MOMEXH U IIyMbI, Ha poHe koTopbix B PTC npoucxoaut o6padoTka
CUTHAJIOB C LIEJIbIO BbII€NIEHUS 1os1e3H0 nHpopmarmu. [loaToMmy MoaenupoBaHue
CIIy4ailHBIX POLECCOB — HanboJee BakKHAsI M 4aCcTO BCTpeyarolascs 3ajaya,
BO3HMKaronas npu moxenuposanuu PTC.

JJist reHepanuu Clly4aifHbIX MPOLECCOB XOPOIIO pa3padoTaHbl aJrOPUTMbI
MOJIYYEHHSI CTALIMOHAPHBIX FayCCOBCKUX (HOPMAaJIbHBIX) MPOLIECCOB U MAPKOBCKUX
MPOLIECCOB. DTO OOBSACHAETCS MATEMATHUECKUMU CIIOXKHOCTSIMH, BO3HUKAIOIIUMU
IIPU OMMCAHUH CIYYaHBIX MPOLECCOB MPOU3BOIBHON NPUPOAbl. OrpaHUYEHHOCTh
METOJOB I'€HEPALMHU BBIIEHA3BAHHBIMH MPOLIECCAMU HE BBI3BIBAET CEPHE3HBIX
3aTpyaHeHui npu moaenupoBanuu PTC, nockoapKy UMEHHO TayCCOBCKHUE U
MapKOBCKHE MPOLECCHI SIBISIIOTCS Hanbosiee OJIM3KUMHU MOJIETSIMU CITyYalHbIX
IIPOLIECCOB, BCTPEYAIOIINXCS Ha IPAKTHUKE. [I03TOMY OCHOBHOE BHUMAaHHE B
HACTOSIIIIEM pa3jielie OyaeT yaeaeHO MOJEIUPOBAHUIO 3TUX IBYX KaTeropui
Cly4ailHbIX TpoueccoB. Eciii Bo3HMKaeT He0OX0AUMOCTh F€HEPALIMH CITYyYaiiHOTO
npolecca, KOTOPbI HE MOKET ObITh OTHECEH HU K OHOMY M3 Ha3BaHHBIX TUIIOB,
TO 3Ty 3aJa4y pelarT NpudamkeHHo. OuH U3 METOA0B MPUOIHKEHHOTO
peneHns pacCMOTpEH B pasaene 2.3.3.



2.3.1. MogenupoBaHue rayCCOBCKMX ClTy4auHbIX NPOLECCOB C 3afjaHHbIMU
KoppensaunoHHbIMU CBONCTBaMU

2.3.1.1. Memoo ouckpemnozo npeoopazoeanusn @ypve

ITocTanoBKa 3agaun: TpeOyeTCA CO3AaTh OTPE30K peanu3aliu
KOMILTEKCHOTO TayCCOBCKOTO CTydaitHoro mpomnecca &(t) mmtensHoctd T, , ecnu
M3BECTHA €ro Koppensinnonnas ¢pyukius (KD) R, (r)

B cootBerctBuu ¢ Teopemoint BuHepa — XMHUYMHA CIIEKTpAJIbHAs
w10THOCTH MOHOCTH (CIIM) ciy4aifHOro CTalMOHAPHOTO Mpolecca S, (a)) paBHa

S.(0)=] R.(x)e™"dr (2.44)

Hio) o

I

Puc. 2.7

IIpeanosoxkum, 4To IpoLecce §(t) IIOCTYIIAET Ha BXOJ Y3KOIIOJIOCHOTO
bunpTpa ¢ IpSIMOYTOJbHON YaCTOTHOM XapaKTEPUCTUKOM, OTIIMYHOM OT HYJIS B
nonoce 4acTotT [0 — Aw/2,0' + Aw/2] (cM. puc. 2.7), T..

<Aw/2
> Aw/2

1, |0—-o

0,

H(io)= S

rne o',A® - cpelHss 4acToTa M NIMPUHA MOJIOCKI Tponyckanus Gpuibtpa. Toraa
CpEeIlHssl MOILIHOCTh CUTHajia Ha BeIXoJie puiibTpa OyaeT paBHa



o'+Aw/2

15 2 1
P =— H\i =—
ke :[OSg(a)] (za))f dow e w'_ij (0 Mo (2.45)

Ecimu dpynkius S, (w) Mao MeHsteTCS B MOTOCE YACTOT

[0'— Aw/2,0" + Aw/2], To Gyaer BBIMONHATECS IPUMEPHOE PABEHCTBO

Aw

P = Sé; (CO,)E

n

(2.46)

npudeM (2.46) cobmroiaeTcst TeM TOUHEe, 4YeM MeHbliie nojoca Aw . [locnennee
YPABHEHHUE ONPENENAET PUINIECKUI CMBICIT QYHKIMHU S (a)) CIIM onuceiBaeT

pacrpeneneHue cpeiHeld MOIHOCTH CIIy4YalHOro npouecca é(t) 10 4aCTOTaM
rapMOHUYECKUX KOJIeOaHU, BXOASIIUX B ero coctaB. Takas nnrepnperauus CIIM
1 paBeHCTBa (2.46) 1aeT BO3MOXKHOCTh MPEJIOKUTH CIICTYIONUA METOT
reHepaluu mnpoiecca é(t). Pa3o6nem yacTOTHYI0 00J1aCTh Ha COMPUKACAIOIIUECS
MEXTy cCOOOM MOI0CHl OAMHAKOBOM mHUPUHBI A® . CpelHsis 4acToTa m-0i MOJIOCHI
paBHa ®, =(m + 0,5)Aw . IlycTs BeninunHa A@ B34Ta HACTOJIBKO MAJIOH, YTO

(2.46) BBIMONHAETCS C BEICOKOM TOYHOCTHIO. TOraa cyMmy rapMOHUK CIIy4aiHOTO
mporiecca é(t), MONAJAOIINX B 7 -10 TIOJIOCY, BCIAEACTBUE MAJIOCTH A® MOYKHO

Se(w ) 4
[\
N .
e »
0 mAow (m+1)Aw
Puc. 2.8

3aMEHHUTb Ha OJHO FapMOHHYECKOE KOJIeOaHHEe YacTOThl ®, , KOTOPOE UMEET
ciaydaiinyto ammuatyny U, u dasy ¢, . Ilpu aTom s Beero npouecca Oyner
CHpaBeUTMBO CIEAYIOIIEe MPEICTaBICHHE

E(t)= iUm explilo t+o |}= ixmei“’"" (2.47)

m=—0

rae x, =U e'” - KOMIUIeKCHas aMILTUTy1a 71 - TapMOHMKH.



N3 Teopun BEPOATHOCTEN U3BECTHO, UTO CyMMa MPOU3BOJILHOT'O YUCIIA
rayCCOBCKHUX CIIyYaMHBIX MPOLIECCOB TAKKE SABJISAECTCSA IAyCCOBCKOM CIyYaHOU
BeIMuMHOM. Clle10BaTENbHO, MOCKOJIBKY MPOLIECC é(t) - TAyCCOBCKUH, T.€. B

710001 MOMEHT BpEeMEHH ¢’ CilydaifHast BETHYMHA é(t') pacnpeaeiacHa 1o

HOPMaJIbHOMY 3aKOHY, FapMOHMUYECKHE COCTaBIISAIONINE B MpaBoi yacTH (2.47)
TaK)Ke JOJKHBI ObITh TayCCOBCKUMHM CIy4ailHBIMU ITpoleccamu. st aToro
J0CTAaTOYHO, YTOOBI Cily4aiiHble BeUYUHbl U, U ¢, IpU pa3IndHbIX HHAEKCAX m

OBLTM HE3aBUCUMBI M UMEJIU COOTBETCTBEHHO IIOTHOCTH pactpezaenceHus Penes
(U,,) 1 paBHOMEPHYIO B UHTEpBAJIE [0,27‘[] IUIOTHOCTB (¢, ). DTO TpebOBaHUE
SKBUBAJICHTHO TOMY, YTO aMIUIATYAbl X, =U e'” JOMKHBI OBITH KOMILIEKCHBIMH
rayCCOBCKUMHU CIIy4allHBIMM BEJIMYMHAMH, AUCIIEPCUU KOTOPbIX D, paBHBI
CpeHEN MOIIHOCTH IIpolecca é(t), NPUXOIALIEHUCSA HA m —10 TOJIOCY

Aw

e (2.48)

D, =(|x,[)=5.(,)

r7ie TPEYroJibHbIE CKOOKM 03HAYaI0T YCPEIHEHUE 110 aHCaMOJTIO.
Ecu nportecc &(¢) MMeeT orpaHHUeH b IO YacTOTE CIEKT, T.€.

S, (a)): 0 mpu |w [> Q,, rae €2, - BEpXHsis 4HACTOTA CIEKTPA, TO OECKOHEUHBIN psij
(2.47) MOXHO 3aMEHUTHh KOHEYHOU CyMMOi

)= x, e (2.49)

m=—M /2

rae M ~2Q,/Aw - KOMM4ecTBO TapMOHHUK, HEOOXOJMMOE ISl MOJICIMPOBAHUS
ciry4aiiHoro npouecca. Toraa AucKkpeTHbIE OTCYETHI IpoLecca ¢ [n] =¢(nT) Bo

BPEMEHH, B3SIThIE B COOTBETCTBUM C TeopeMor KoTelbHUKOBa ¢ IEPUOIOM
nuckpetusauun T < 7/Q, MOryT OBITH MOJNyYCHBI KaK

M/2-1 27 m
En]= Z x e” (2.50)
m=—M/2

rae AwT =2x/N . Takum 06pa3om, OTCUYETHI CITyIailHOTO TpoIIecca

MPEACTABISAIOT OO0 nuckpeTHoe npeodpazoBanue Oypone (D)

M/2-1
MOCJIEI0OBATEIIBHOCTHA X, ( . CooTBeTCTBYIOMM BEIOOPOM A® U T MOXKHO
mJIm=—M/2

cienath N paBHBIM 1ienoii creneny uncna 2 (N =2' > M , tae [ — nenoe 4ucio).
DT0 AaeT BO3MOKHOCTh MUCIOJIb30BATh JJisl BeiuuciaeHus (2.50) anroputm
osicTporo npeodpazoBanust Oypre (BIID).

OKOHYATENBbHO AITOPUTM F'€HEPALMM CIIYYalHOIO MPOLECCAa METOIOM
JUCKPETHOTro npeodpazoBaHust Pypbe MOXKET ObITh NPECTABICH
MOCJIEIOBATENBHOCTHIO CIEIYIONIUX [IAr0B:



1-11 wae. Ha ocnoBanuu 3ananHoit KO (wnu CIIM) nponecca BeiOMparoTcs
Aw,T,N u M Tak, uro6sl N ObL10 1eI0ii cTenensio uncna 2 (N =2' > M ).

2-u wae. I'enepupyercsi MacCcuB U3 M HE3aBUCUMBIX KOMIUJIEKCHBIX
CJIy4alHBIX YACEN Z, C HYJEBbIM MaTEMaTHYECKUM OXHMJIaHUEM U €IMHUIHON
JTACTIEPCUEMN.

3-11 wae. BEIYMCIAOTCS KOMIUIEKCHBIE aMIUIMTYAbL X, =+/D, z ,rne D
OTPENIECIIAIOTCSL B COOTBETCTBUU C (2.48).

4-1i wae. Ha ocHoBanuu (2.50) ¢ ucnonszoBanueM anropurma bI1dD
BBIYHCIISTFOTCS JUCKPETHBIC OTCUETHI CIIy4aifHOTO mporiecca ¢ [n]

2.3.1.2. Memoo ¢popmupyroweco punompa

I'eHepanuss HOpPMAJIBHOTO CIIYYalHOI'O IIPOLIECCa METOIOM
(bopmupytoniero GuiIbTpa OCHOBBIBAETCS HA JIBYX MOJIOKEHUAX TEOPUU
CIIy4alHBIX IPOLECCOB:

® pEe3yJIbTaTOM MPOU3BOJILHOIO JJUHEHHOTO TpeoOpa3oBaHus
rayCCOBCKOI'O CIYYalHOI'O MPOLECCA TAKKE SABISAETCS CIIYyYaHbIN
rayCCOBCKHM IPOLIECC;

® CIEKTPaJbHbIC INIOTHOCTU MOIIHOCTH CIIYYalHBIX U IIPOLIECCOB HA
BXO/JI€ U BBIXOJI€ JIMHEHMHOTO (PUIIbTpPA C YaCTOTHOM
XapakTepuCTUKOn H (za)) CBsI3aHbI COOTHOLICHHUEM

S (@)= |H (i) S, () (2.51)

Ecnu npeanonoxuTh, 9To Ha BXOA (PUIIBTPA MOCTYIAET MPOIIECC TUTIA
oenoro myma (S, (w)=N,/2,|w|< ), To CIIM npouecca Ha BeIxoJe OyneT paBHa

s, (a)):%w(z‘a)]z (2.52)

CnenosatenbHO, U1 GOPMHUPOBAHUSA TayCCOBCKOTO CIIy4aiiHOTO Ipoliecca
¢ 3ajannon CIIM S, () He06X0aMMO Ha BXOJ (HIBTPA C YACTOTHOMH

XapaKTEePUCTUKOMN, MOJYJIb KOTOPOU paBeH
H(iw)=./S. (0 (2.53)

HoJaTh OEJIbli HIyM ¢ €AMHUYHOM CIIEKTPAJIbHOM INIOTHOCTBIO N, /2 =1. IIpu aTOM

CUTHaJ Ha BbIXoJie puiibTpa OyAeT UMETh HOPMAJILHOE pacipeesicHUe B CUITy
MEPBOr0 U3 BbIIICHA3BAHHBIX MOJOKEHUM, T.K. PUIbTpaIUs — oneparus JUHEeHHas.
OWIbTp, aMIUVIMTYJHO-4aCTOTHAs XapakTtepuctuka (AYX) koroporo
yaoBieTBopsieT (2.53), Ha3bIBACTCS (hopMUpyowum.



PaBencTBo (2.53) maeT BO3MOKHOCTD BBIYMCIUTD JUlh AUX 1 He
onpezenseT ero ¢pazoyactToTHyto xapaktepuctuky (OUX). [ToaTomy 3TOT BOonpoc
OCTaeTCs OTKPBITHIM U TPEOYET AOMOJIHUTEIBHOTO UCCIIEA0BAHMS.

Homnyctum, uro ®UX dunsTpa qo(a)) =0,|w|<oo. Torna H (ia))z |H (ico] u
UMITYJIbCHASI XapaKTepUCTUKA (PUIIbTpa paBHA

1 ' . iot
W)=~ :[JH(za))|e do

Tak kak h(t)=h(—t), 1.e. h(¢t)#0 npu t <0, unbTp sBIsIETCS PU3UUECKU
HepeanuzyeMbIM (B ¢pusndecku peanuzyemom ¢unbtpe A(¢) =0 npu ¢ <0).

JlaHHBIN TpUMEpP CBUJIETENBLCTBYET 0 ToM, uTo DUX popmupyroiero
bunbTpa HE MOXKET OBITH MPOU3BOILHOM, U €€ BHIOOP JTOJKEH ObITh C/IeTIaH TAKUM
o0Opazom, 4To0bl GUILTp ObLT huzndecku peaindyem. CUHTE3 Takoro (uibTpa B
oOueM ciayvae cioxeH. Onnaxo, ecnu CIIM nporecca — [poOHO-paniuoHaibHas
byHKIUS BUIA

_by,0™ +b, 0" 4ot b,

2(N-1) (2-54)

S.(
+-+a,

g (0]

2N
a0 +a, o

rne b, ,m=0,M na,,n=0,N - neiictButensnsie uucna (N =M ), To
npoleaypa cuHTe3a GopMUPYIOMIETO GUIbTPa MPOCTa U COCTOUT B CJIETYIOLIEM.

N3 Teopuu anredpanvecKux ypaBHEHHUM U3BECTHO, UTO HEOTPUIIATEIbHBIN
MIOJIMHOM cTeneHn 2K umeeT b K nap KOMIUIEKCHO COTIPSKEHHBIX KOPHEH.
ITycts a, ,a:, n=L,Nup, |, ;, m =1, M xOopHH MOJMHOMOB, CTOAIINUX B
yucauTene u 3nameHatene (2.54) coorserctBenHo. Toraa (2.54) MoxHO
nepenucarhb

S.(0)=" n-l . (2.55)
[[-a)]lo-a)*

ITpuuem B cuity TOrO, 4TO S, (0)>0, a, u b, — NONOKUTETLHBIE YHCITA, 1

o * P * PE——
o6o3Hauenus kopueit o, ,a,,n=LN u B, ,B, ,m=1,M MOXHO cienaTb TaKUMH,
4yro ¢, U 3, OyAyT UMETh MOJIOKUTEIbHbIE MHUMbIE YaCTH

Im{e, }> 0, Im{B, }>0 (2.56)



Cnenaem B (2.55) 3ameHy nepeMeHHON @ = —is B epBOU JpoOHU U

. X v o
® =1§ BO BTOPOH (3TO BOBMOXHO, T.K. @ — JE€HUCTBUTEIbHAs nepemMeHHas). Torna

-, (2.57)

rac

F(s)= T Ts- 1) (2.58)

ay

m=

G(S)=ﬁ(s—g,,) (2.59)

n=l1

f., = iB,, g, = ia,. Bcnencteue ycnosus (2.56) momuHoMel F(s) n G(s) umeror

KOPHH B JIEBOW MOJIYIUIOCKOCTH KOMILUIEKCHOW niepeMeHHoN s . [loatomy, ecnu
B35ITh B KAUECTBE YACTOTHON XapaKTepUCTUKHU GOpMUPYIOUIETro (GUiIbTpa

H(s)= Fls) (2.60)

MBI MIOJIy4YUM YCTOWUYUBBIN peanuzyeMbiit punbTp, AUX koToporo B cuiy (2.57) u
(2.60) cooTBeTcTBYET ycnoBuio (2.53).

Takum 00pa3oM, aaropuT™M MOJEIUPOBAHUS TAYyCCOBCKOTO CIIy4ailHOro
npolecca ¢ 3aIaHHbIMU KOPPESILMOHHBIMU (CIIEKTPaIbHBIMHU) CBOMCTBAMU
COCTOMUT B IPOITYCKaHUM peajn3alnu 0enoro myma ¢ eIMHUYHON CIeKTpalbHON
IJIOTHOCTBIO Yepe3 JIMHEUHBIA (PUIIBTpP, YaCTOTHASI XapaKTEepUCTUKA KOTOPOTO
cooTBeTcTBYET (2.60). Jl1is ycremHoro peneHust 3ajjayu MOJAEIUPOBaHUSI METOIOM
dbopmupyromiero guibtpa HE0OX0aANMMO, uT00BI CIIM ciyuaiinoro nporecca
OMHKCHIBANIACH APOOHO-pAIMOHAIBHON (DYHKIIMEHN OT nepeMeHHol @ Buzaa (2.54). B
X0Jle CuHTe3a (POPMUPYIOIIETO PUIbTPA HAXOAAT KOPHU MOJUHOMOB, CTOSILIUX B
quciurese u 3HaMmenarene (2.54), u npuBoaAat Beipakenus nis CIIM k Bugy
(2.55). 3arem onpenensoT KOPHU NONIUHOMOB - &, ,n=1,N u B, ,m=1,M,
KOTOPbI€ UMEIOT MOJ0KHUTEIbHBIE MHUMBIE YacTu (CM. ycioBue (2.56)), u
cocTaBnsoT mouHOMBI F(s) u G(s) B cootBercTBHH ¢ (2.58) 1 (2.59). YacToTHas
XapaKTepucTuka GopMuUpyrouiero (puiabTpa nojaydaercss Ha ocHoBaHuH (2.60).
Heo0xonumo 3aMeTUTh, 4TO JIJIsl OJIyYeHHS OTpe3Ka CIIy4ailHOro mpoiiecca ¢
3aJlaHHBIMU CBOMCTBAaMHU Ha BbIX0Jie (POpMHUPYIOUIEro (GUIbTpa HEOOXOIUMO,
YTOOBI EPEXOHBIE MPOIECCH B PUIBTPE 3aKOHUUIUCH. [103TOMY K COXpaHEHUIO
BBIOOPKHU CIy4allHOTO MPOLIECcCa HYKHO MEPENTH TOJIBKO MOCIIE TOr0, KaK MOJIETh
npopaboTanga HEKOTOPOE BpPEMsI Ha «XO0JOCTOM X01y». OOBIYHO 3TO BpeMs



OLICHMBAETCs KaK (2 3)/A If 4> TAE Af,, - 9hdeKTUBHAS IIMPUHA TIOTOCHI

MpoIycKaHus GopMupyromero GpuiabTpa (CM. HUXKE).

[TomyueHHBIH B X0/I¢ TAKOTO CUHTE3a (QUIIBTP SABISETCS AaHATIOTOBBIM.
Kpome toro, Gemnblit 1iryM, KOTOPBIN Mo1aeTcsi Ha BX0A (OpMUPYIOINIETO (GUIIbTPa,
TaKXKe SBISIETCA «aHAJIOTOBBIMY» CUTHaJoOM. [loaToMy HeoOX0auMO co31aTh
MareMatudyeckue Mozenu Gpopmupyromero ¢puiabTpa u 6enoro myma. [leppas
3aja4a - CHHTE3 MaTeMaTHYeCKOH MOIeTT (JOPMUPYIOIIETO aHATIOTOBOTO (PHIBTpA,
T.e. muposoro punbTpa, paccMorpeHa B raase 3. [losTomy ceituac paccMoTpum
BOIIPOC O reHepanuu 0eoro nryma npu udpoBoM MOIETUPOBAHUU.

Crny4aitHelil poliecc, KOTOPBIN B HAYYHOU JUTEPAType HA3bIBACTCS Oeblm
WYMOM, AIMEET CIIEKTPAIbHYIO INIOTHOCTh MOIIHOCTH N,/2 TOCTOSIHHYIO BO BCEil

yacToTHOM oOsactu. Clie1oBaTeNbHO, €r0 CPEIHSISI MOITHOCTH (JIUCTIEPCHS)
0eckoHeuHa. [loaToMy Oenblil ryM He siBIsieTCs (PU3NYECKU PeaIbHBIM
MPOIIECCOM, a MIPEACTABISAET CO00M yI00HYI0 MaTeMaTH4YeCcKyto abcTpakiuio. [Tpu
CO3/IaHUU €T0 IUPPOBOA MOAEIN HEOOXOAMMO COXPAHHUTD JIBA €T0 OCHOBHBIX
cBoiicTBa: mocTossHCTBO CIIM B 4acTOTHOM 00JaCTH M CTATUCTUYECKYIO
HE3aBUCHUMOCTh BPEMEHHBIX OTCYETOB, B3ATHIX B TPOU3BOJIHLHBIE MOMEHTHI
BpeMeHH. BTopoe CBOCTBO peanu3yeTcs Mpu MOACIMPOBAHNN BEChbMa MPOCTO: 32
peanu3anuio JMCKPETHOTo 0enoro uryma 0epercss Habop HE3aBUCUMBIX CITyYalHbIX
YHCeTI, MOTYYaroIIUXCs Ha BRIXOJE TeHEPaTOpa CIIyYaiiHbIX BETUYHH C
HOpPMAaJIbHBIM 3aKOHOM PacHpe/IeNIeHUs ¢ HYJIeBBIM MaTEMaTHUECKUM OKHJIaHUEM
¥ HEKOTOpOii qucnepcreil ¢°. OYeBUIHO, YTO BEJIUUMHA ATOM JUcrepch (T.e.
CpeaHsisi MOIIHOCTH TpoIlecca) A0JKHA ObITh KaKUM-TO 00pa3oM CBs3aHa CO
CIIEKTPAJIbHON IUNIOTHOCTBIO MOIIIHOCTHU «@HAJI0roBoroy» Oenoro myma N,/2,

JTUCKPETHYIO MOJIENIb KOTOPOT'O MbI co31aeM. st Toro yToObl CBSA3aTh 3TU
BEJIMYMHBI BOCIIOJIb3yeMcs TpeOoBaHueM noctostieTBa CIIM B uacToTHOM
obnacru.

N3BecTHO, YTO NMPU TUCKPETU3ALMHU HEMPEPBIBHOTO CUTHAJIA C IEPUOAOM
B3STHS OTCUeTOB T, cieKTpalibHasl (PyHKIMS AUCKPETU3UPOBAHHOTO CUTHAJA
CTAHOBHUTHCSI IEpHOIMUECcKOi ¢ mepruogoM 27/ T . Tlostomy, eciu CIIM Harirero

JUCKPETHOrO 0eoro 1ryma OyzieT NocTosiHHA U paBHa N /2 Ha UHTepBaje
[~ /T, 7/T], To aBTOMaTHUYeCKM OHa GyJeT MOCTOSHHA M BO BCEil YaCTOTHO

obnactu. C Apyroi CTOPOHBI, JUCTIEPCHSI CIIYIAHOTO MPoIiecca ¢ paBHOMEPHOM B
ykazanHoM uHtepBasie CIIM paBna (cM. (2.45))

il j No g = No
o J 27 T

Orcroga npu N,/2 =1 nomydyaem, 4T0 JUCIEPCUS HE3ABUCUMBIX

CJIy4alHBIX YHCEJI, COCTABIIAIOIINX PEeaTN3alUI0 JUCKPETHOr 0 OEI0ro myma
J0JIKHA OBITh paBHA



2.61)

CrnepnoBatenibHO, peanu3alus AUCKPETHOro OesIoro myma pasmepom B N
OTCYETOB JI0JKHA OBITh BBIUMCIIEHA B COOTBETCTBUH CO CIAEAYIOIIUM PABEHCTBOM

C[n]z\lﬁz[n],n =1,N (2.62)

rae z[n] — ciydaitible He3aBHCHMbIE YHCIIA C HOPMATBHBIM CTAHIAPTHBIM
pacrpeieieHueM.

2.3.2. MogenupoBaHue MapKOBCKMX CJly4YauHbIX nNpoLeccoB

CityuaiiHblil po1iece é(t) HAa3bIBAETCSI MAPKOBCKUM, €CJIU JJisl Jitoboro M

ero M -mepHas IJIOTHOCTh pacipeesieHUs] BEpOSTHOCTENH MOXKET ObITh 3amucaHa B
BUJIE

M
fg(xl,tl;. Xty ) = fl(xl,t1 )I_Ifm‘m_1 (xm ,tm|xm_1,tm_1) (2.63)
m=2

rje fl(xl,tl) - Oe3yciioBHas (OJTHOMEpHAs) NIOTHOCTh pacipeeeHus;
fm‘m_1 (xm ,tm|xm_1,tm_1) - YCIOBHAas NJIOTHOCTh PaCHpeAC/ICHU OTCUYCTA IIPOLECCa B

MOMECHT BPEMCHHU {, TIpU YCIIOBUHU, YTO eﬁ(tm_1 ) =x, ,. B Teopun MapKOBCKUX
MIPOLICCCOB INIOTHOCTh PACHPEACICHUA fm‘m_1 (xm,tm|xm_1,tm_1) Ha3bIBACTCS

HIOMHOCMbIO Nepexood.
Ha ocnoBanuu (2.63) MOXHO cKa3aTh, 4TO MapKOBCKUI CITy4YalHBIH
TpoIIece 3a/1aH, €CIIA 3BECTHBI Ge3yCoBHAs IIOTHOCTH pachpeaenenus f,(x,,z)

U INIOTHOCTBh Mepexoaa fm‘m_1 (xm - |xm_1 L ) IIpryem NIIOTHOCTH paclpeneIeHUs

oTcyeTa é(tm) 3aBUCHUT JIMIIb OT 3HAYEHHUS IpoLecca B MPEABITYIIUNA MOMEHT

BpeMmeHu. [locnennee cBOMCTBO SIBISIETCS OCOOEHHOCTHIO MAPKOBCKUX MPOLIECCOB,
KOTOpasi BBIACISET UX U3 00111ero yucia ciaydaiubix ¢pynkiui. CpaBHenue (2.63) ¢
3aMUChI0 MHOTOMEPHOM MJIOTHOCTH BEPOSTHOCTH (2.36) 1aeT BO3MOXKHOCTh
MPEIJIOKUTD JIJISE MOJICIIMPOBAHUS MAPKOBCKHUX MPOLIECCOB METO/ YCIOBHBIX
mioTHOCTEH (cM. paznen 2.2.3.1), KOTOpbIi IpHU U3BECTHBIX 0€3yCIOBHOM
IJIOTHOCTH Y MJIOTHOCTHU MEPEX0JIa PeaIn3yeTcs B JaHHOM Cy4yae BeCbMa MPOCTO.
Cpenu MHOKECTBa MAPKOBCKUX MPOLECCOB 0COOO0 BBIIETSAIOT
g dy3noHHbIe npouecchl. MapKOBCKHUI MpoLece Ha3bIBACTCA OuUp@y3uUoHHbIM,
€CJIM CpeJId MHOKECTBA KO3(PPUIIMEHTOB



E(e)=x j=

x,t)z’y, n=123,...

K, (x.0)=[imAr E{[E( + A)- ()]

At—0

=limA [ =x) £, (vt + At

At—0

(2.64)

Tonbko mepsbie 1Ba K, (x,¢) u K, (x,¢) ormmamst ot myns (K (x,¢)=0,n>3).

st nudpdy3noHHOrO npoiiecca MIOTHOCTh NEPexXo/ia yI0BIETBOPSIET
pSIMOMY

2

%f(x,t;xo,to)z —%[a(x,t)f(x,t;xo,to )]+ %%[b(x,t)f(x,t;xo,to )] (2.65)

1 o0paTHOMY

2

0 0 1
a_tof(xat;xoato):a(xoato)a_%[f(xat;xoato)]"'Eb(xoato)aTto[f(xat;xoato)] (2.66)

ypaBHeHusiM Konmoroposa. 31ech Juist IIIOTHOCTH TIEpexo/ia BBEICHO
obosHavenue f, | (xm,tm|xm_1,tm_1): fle, .t ix ot ).

Kosddurmentst a(x,t)= K, (x,t) u b(x,t)= K, (x,¢) HaswBatorcs
COOTBETCTBEHHO K02 Puyuenmom croca u kod3ppuyuenmom ougpysuu.
Koaddunment caoca a(x,t) XapaKTepu3yeT, Kak cienyet u3 (2.64), cpenHee
3HAYEHUE JOKAIBHONU CKOPOCTH U3MEHEHUS Mpoliecca é(t), a ko3P HULIHEeHT
b dy3un b(x,t) - JIOKaJbHYI0 CKOPOCTh U3MEHEHUS AUCIIEPCHUH Tpoliecca. 3Has
a(x,t) u b(x,t), Mmoxno Haiitu f(x,#;X,,,) ¥ BOCTIONIB30BATHCA METOIOM
YCIOBHBIX BEPOSTHOCTEH AJII MOJACTUPOBAHUS CIydaitHOTO MU Py3nOHHOTO
npouecca. OnHako gaxe A 1udy3HOHHOT0 Ipoliecca ONpeaeuTh MI0THOCTh

nepexo/ia MmyTeM pelieHus NpsMoro uiu oopatHoro ypaBuenuid Konmoroposa
ObIBaeT BecbMa CII0KHO. [103TOMY UCTIONIB3YIOT IPYTroil METOJT — METO/T

dhopmupyrormiero GuiabTpa.

W3 Teopun MapKOBCKUX MPOLECCOB U3BECTHO, YTO MPHU BO30YKIECHUU
HEJIMHEHHOr0 HECTALIMOHAPHOT0 (PUIIBTPaA, OMUChIBAEMOTro TU(depeHInaIbHbIM
ypaBHEHUEM BUJA

dx

E = f(x,t) + g(x,t)n(t) (2.67)

rae f (x,t) u g(x,t) JETePMUHUPOBAHHbIE HEMPEPHIBHO AU hepeHupyeMble
(yHKUMU CBOUX apTyMEHTOB; n(t) u x(t) CUTHaJIbl HAa BXOJIE U BBIXOJIE, BBIXOTHOU

CUTHAJ x(t) oynet nud¢y3uOHHBIM MPOIECCOM, €CIU n(t) - mporecce Tuma 6eyoro
mryma. IIpu 5ToM oKasbiBaercs, uto pynxumn f(x,¢) u g(x,¢) cBasansl ¢



kod(punreHTamu cHoca a(x,t) u nuddyzun b(x,t) CJIeTYIOIIUMU
COOTHOIICHUSIMH

flx,0)=alx,z), g(x,t)= ,/Niobix,ti (2.68)

rae N,/2 - CIIM n(t).
Otm™eTnM, uto cB3b pynkmmit f(x,¢) n g(x,) ¢ koaddurmentamu a(x,¢)
u b(x,t), BEIpakeHHas cooTHOUIEHUAMH (2.68), CIIpaBeTHBA, ECIH

muddepenunansHoe ypaBHeHue (2.67) noHumaercs B cMbicie Mro. Ecnu
ypaBHeHHe (2.67) nonnumaeTcsi B cMbiciie CTpaTOHOBHYA, TO CBA3b MEXKIY

dyuxmmamu £ (x,t), g(x,2), a(x,t) u b(x,t) Gymer umeTs Bux

Fle0)=alwr) - 2blr) glx.0)=FB01) (2.69)

X

[TonpoOHee o cBOICTBaX cTOXacTUUYECKUX AU HepeHIIUATbHBIX
ypaBHEHUN MOKHO y3HaTh U3 KHUTU B. . Tuxonosa, B. H. Xapucosa
«CTaTUCTUYECKUI aHATU3 U CUHTE3 PAAMOTEXHUYECKUX YCTPOMCTB U CUCTEM,
y4eOH. mocobue 11st By30B.- M.: Paauo u cBsizb, 1991. [lns MmoaenupoBaHus
ypaBHeHus (2.67) Ha OBM HeoOX01MMO NepelTH K AUCKPETHOMY BPEMEHHU

x[m] = x[m—1]=Tf (x[m -1}, (m = 1))+ Tg(x[m -1}, (m = 1) n[m], m=1,2,... (2.70)

rae 7' - mepuo JUCKPETU3ALNH, n[m] - TUCKPETHBIN OeNbli rayCCOBCKUM IIIyM
1
nlm]=— [n(¢)dt 2.71)

C HyJIEBBIM MaTEeMAaTU4YECKUM OxkuaanueM u gucnepcueid N /2T . IIpouecc (2.70)

0 CYTH sIBJIsieTCs pelieHreM audepeHmanbHoro ypasuenus (2.67) metonom
Diinepa, moHumMaeMoro B cMbicie Mro. [Ipu cummeTrpusoBaHHOM ypaBHeHuu (2.67)
(ypaBHeHue CTpaTOHOBHYA) ISl pELIEHUS CIENyEeT UCIOIb30BaTh MeTO PyHre-
Kytra. Onucanue metonoB Ditnepa u Pynre-Kyrra Oyner nano B riase 3.

2.3.3. MogenupoBaHue cTaLMOHapPHbIX HErayCCoOBCKUX MpoLieccoB

B tex ciydasx, koraa He00X0JUMO CMOJIETUPOBATh CTALlMOHAPHBIN
HErayCcCOBCKHI MPOLECC, UCTIOJIB3YIOT COC00, KOTOPBIN 3aKII0YaeTCs B
MPOIYCKaHUM O€JIoro 1yma yepes JMHEHHbIH (opMUPYIOIIUI GUIBTp U
HEJMHEeWHOoe 0e3bIHEPIIMOHHOE 3BeHO (puc. 2.9)



n(?) JIunenHbIi &0 Henuneitnoe n(?)
—»  opmupyromuii Oe3bIHEepIIMOHHOE [
bunbsTp 3BEHO

\ 4

Puc. 2.9

[Tpu aTOM AJ1s1 petieHus 3a1a4u JOCTATOUYHO 3a7aTh OJTHOMEPHYIO
IJIOTHOCTH PACMPEENEHUS BEPOATHOCTH f, (y) MOJIEJIUPYEMOTO CIy4alHOTO

npoiiecca n(t) M €r0 KOPPEISIIMOHHYI0 QYHKIMIO R (r) [Tockonbky B 001IEM
CJTyJae OJIHUM M TEM XK€ QYHKIHUAM f, (y) u R, (r) Moxer cooTBeTCTBOBATE

OECKOHEYHOE MHOXKECTBO CIyYalHbIX MPOLIECCOB, OTIMYAIOIIUXCS APYT OT Apyra
MHOTOMEPHBIMH IIOTHOCTSMHM PACIpeiesIeHUs, TO UCTIOIb3YEMbII METO/,
MO3BOJISIIOLIMHI CO37aTh BEIOOPKY OTCYETOB C HEOOXOJUMBIMHU CBOMCTBaMH,
ABJIAETCS NPUOTM>KEHHBIM.

PaccmarpuBaemast 3ajjaua peniaeTcs B Ba 3Tarna, CHavasia UILeTCs BU]L
HEJIMHEHHOCTH 0€3MHEPLIMOHHOTO 3BEHA, a 3aTEM HAXOJST YaCTOTHYIO
XapaKTePUCTUKY JTUHEHHOTO (OpMUPYIOLIEro PUibTpa.

Onpenenum Buj HenuHeitHOCTU. [TockonbKy Oenblil mym nojaercs
CHayaja Ha JUHEHHbIN QUIbTp, MPOIIECC é(t) OyzeT rayccoBckuM. be3 motepu

OOIIIHOCTH MOXHO CYUTATh, YTO €r0 MATEMATHYECKOE OXKHUIaHUE PABHO HYIIIO, a
IUCIIEPCUSA — €AUHUILIE, T.€. IPOLECC é(t) - CTaHJAPTHBIN IrayCCOBCKUH, U €TO
OJHOMEPHAs TNIOTHOCTh PACIIPEICIIEHUS PaBHA
—x2/2
fo(x)="—
() :
\N21

JlonycTuM, 4TO BXOJHOW U BBIXOJHOU CUTHAJIBI HEJIMHEHHOIO
0€3bIHEPLIMOHHOr0 3B€HA CBS3aHbl (DYHKIIMOHAJIBHON 3aBUCHUMOCTBIO

x| < o0 (2.72)

n(r)=g(&()) 2.73)

rjae g(x) - HeKoTopasi GyHKIUs, KOTOPYIO HeoOXxoaumo HaiiTh. Paccmorpum
MHTErpajbHyI0 QYHKIMIO pacpeereHus] BEpOITHOCTEN Mpolecca n(t)

F,(y)=Prin < yj=Prig(¢)< y}



JlonmycTm, 4TO g(x) - HeyObIBaromas pyHkuus. Toraa st Hee

CyllecTByeT obpaTHast GYHKIMSA g~ (x) Y TIOCJIEJHEE PABEHCTBO MOXKET OBbITh
3aMuCcaHo B BUJIC

F()=Prig<g'(n)}=F.(e' () (2.74)

rae F, (x) = %{ 1+ erf (%)} - UHTerpaJibHasg QYHKIUS CTAaHAAPTHOIO

HOPMAILHOTO pacnpesienenns. Broas HoByo mepeMennyio y = g(x) u
muddepenuupys (2.74), noayyum

f,(g(x))g'(x)= i/ﬁ (2.75)

VYpasHenue (2.75) sBnsercs 0ObIKHOBEHHBIM U] PepeHIInaTbHBIM
YpaBHEHHEM OTHOCHTENBHO GYHKIMHK y = g(X), KOTOpOE MOKET GBITh PElIEeHO

€CJIM HE aHAJIMTUYECKH, TO YUCIEHO. TakuM 00pa3oM OIpenemnsieTcs BU
HEJIMHENHOCTH O€3MHEPLIMOHHOIO 3BEHA.

Haiinem xoaddunment nepegaun popmupyromiero ¢puiabtpa. B
COOTBETCTBHH C ONpE/IeIeHHEM KOppeAIonHas hyHKIHs nponecca 7)(t) paBHa

R,(0)=nn(+7))= [[g(n)g ), (.2 Jdvdr,

e f, (xl,xz) -JIByXMEpPHasi TNIOTHOCTh paclpeiesieHus OTCYETOB CIy4aiiHOTO

mnpouecca é(t) B MOMEHTHI BDEMEHU { U f + T . YUUTHIBAs, YTO é(t) - CTaHJAAPTHBIN
rayCCOBCKHM IIPOLECC

2 2
X, —2rx,x, + x,

II /27_[(1 )exp{— 2(1 _ rz) }dxldxz (2.75)

rae r = r(f) - K03 PUITUEHT KOppesiiiuy (HOpMUPOBAHHASI KOPPEISIIMOHHAS
(dbyHKIMS) TIpoiiecca é(t). Jlns onpenenenust ko3 duiiueHTa nepegadn
dhopmupyromiero GuiabTpa HE0OOXOAUMO, KaK 3TO CIEIYEeT U3 MaTepUaIOB
MPEABIAYIUX Pa3IesioB, HANTH KO3 GUIIUCHT KOPPEIISIUH r(r), €CIi He
AQHAJIMTHYECKH, TO YUCIIEHHO. /{711 TOr0 BRIOMPACTCSI MOMEHT T , BBIYUCIISICTCSI
R, (r) U UIIETCSA TaKOE YHCIIO 7, KOTOpoe yaoBieTBopsier (2.75). B urore

MMOJIy4acTCAd MOCJIACA0BATCIbHOCTD 3HA4YCHUH 7 (‘L' ) B 3apaHce BBI6paHHBIX TOYKax.



IIpouenypy HaxoXJI€HHS r(r) MO>KHO O0JIETYUTb, €CIIU NPEICTABUTD
/e (x1 ,xz) B BUJIe 00paTHOro peodpazoBanusi Pypbe OT XapaKTePUCTUUECKON

(GyHKUMU JBYXMEPHOIO HOPMAJILHOTO pacipeieeHus

1

(2n)

[Moacrasnss (2.76) B (2.75) u packinanbiBast e " B psin Telnopa,
MOJTYYHM

fg (xl’x2 ) _ J’J’ e—075(q12+2rq1q2+q§ )ei(xlq1+wz )dqldqz (2.76)

R,(z)= i o) {é quG(q)e‘)’s‘]qu} 2.77)

i k!

—00

rje G(q): J g(x)e""”dx - npeoOpazoBanue Oypbe GyHKIIMU g(x). C

i
(=7)
k!
3aMeHsisl OECKOHEUHBbIN psi B (2.77) KOHEUHON CyMMOM, MMOJyYUM ypaBHEHHE

yBeNIUYeHUEM k , KOOPPUITUECHT yObIBaeT oueHb ObIcTpo. [loaTOMYy,

Z:ckrk(f):&7 (r) (2.78)

k! | 2x

KOTOpbIE MOTYT OBbITh BBIUHCIIEHBI 3apaHee MOCJe TOro, Kak HallJieHa HeIMHEeHHAs
byHKUMA g(x). [Ipu ukcupoBanHom 1 (2.78) siBnsieTcs anredOpanvyecKkum

i - 2
rae c, = (_ 1) {L qu G(q)e‘m5 v dq} HE3aBUCSIIIHE OT r(r) KOd(pULIHEHTHI,

ypaBHEHHEM K -0 MOpsJIKa OTHOCUTEILHO HEU3BECTHOTO V(T).qI/ICJIeHHBIe

METO/Ibl PEIICHUs TAKMX YPaBHEHUHN XOpoI1Io u3BecTHhI. [loatomy pemuts (2.78) u
HalTU (YHKLIHIO r(r) He npenacrasieT Tpyaa. [locie Haxoxaenus r(f) MOJKHO

BOCIIOJIb30BAThCSl PACCMOTPEHHBIMU METOJIaMH F'€HEpaIMi T'ayCCOBCKHUX
CITyYaiHBIX MPOIECCOB H MOMYYHTh BRIGOPKY OTCYETOB CIydaiitHoro mponecca &(t)

Hy>HOU nnuHbl. [locie 3Toro uckoMmasi BeIoopka 0TCUETOB Mpoliecca n(t)
MOJTy4aeTCs KakK pe3ysibTaT HEIMHEHHOTO MpeoOpa3oBaHusi OTCUETOB é(t) B
cooTBeTCcTBHH C (2.73).



3. MogenupoBaHue npoLeccoB NpeobpasoBaHUs CUTHaNoOB U
nomex fIMHEMHbIMU U HENTUHEMHbLIMU 3BEHbAMU

JIto6oe mpeoOpasyroliee paaAuoCUTHAIl YCTPOUCTBO MOXKET ObITh Mpe/I-
CTaBJIEHO B BUJI€ COBOKYITHOCTH JIMHEMHBIX U HEJIMHEUHBIX 3BEHbEB. DOpMaIbHO
pasnuyue MEeXly 3TUMH JIByMs KaTEerOpUsMHU 3aKiIrodaeTcs B Tune auddepeHuu-
aJbHBIX YPABHEHUH, OMUCHIBAIOIINX CBSI3b BXOJAHBIX U BBIXOJAHBIX CUTHAJIOB: JIJIS
[IEpBOM KaTeTOPUM 3TU YPABHEHUS JIMHENHBIE, 4 111 BTOPOU — HeNMHENHbIe. He-
(bopMalIbHO pa3nuure MEKy HUMHU MPOSIBIISETCS MPU aHAIHM3E PEAKIIUU CUCTEMBI
Ha BXOJIHOE BO3/IEHCTBUE, KOTOPOE MOKET OBITh MPEACTABICHO B BUJIE CYMMBI (CY-
NEePHO3UIMHU) CUTHAJIOB

x(t)= ;xk(f) 3.1)

JUis TMHEMHBIX CUCTEM pEaKIUs y(t) Ha BO3JIEHCTBUE x(t) SIBIIIETCS CyM-
MOH peaKIui Ha KaXX1blld U3 CUTHAJIOB X, (t)

GEDIAG) 3.2)

rae y, () - peakius cucTeMsl Ha curHan X, ().

Takum 00pa3zoM, J1si TMHEWHON CUCTEMBI BBITIOIHSIETCS IPUHLIMI CyTep-
no3uiuu. J{7is He TuHeHo# cuctembl (3.2) He BBITIOIHACTCS, a, CIIeI0BAaTEIbLHO, HE
CIpaBeJIMB U MPUHIMUII CYyNEepo3uliui. B cBs3U cO 3HAUMTENbHOU pa3HULIeH Pu-
3UYECKUX CBOMCTB JINHEMHBIX U HEIMHEMHBIX 3BEHBEB ITPU UX MOJIECIIMPOBAHUH UC-
MOJIB3YIOTCS PA3JIUYHBIE METO/BI.

3.1. ModenupoesaHue sluUHelHbIX 386eHbLE8

[Tycte nunelinoe 3BeHo (JI3) onuckiBaeTcs TMHEHHBIM qudPepeHInanb-
HBIM YpaBHEHUEM C OCTOSHHBIMHU KO3 PUIIMeHTaMU

a, " () +a, yNE)+-+a p(t)=bx™(0)+ by XV () + -+ byx(¢)

rae x(t) U y(t) - BXOJHOM U BBIXOJHOM CUTHAJBI.

HorycTuM, 4T0 Ha BXOJ II0JAa€TC TapMOHUYECKUM CUTHAT x(t): e’ U3
TEOPUH DIEKTPUUECKHX LIETIEH U3BECTHO, YTO CUTHAJI HA BBIXOJE CUCTEMBI Yepe3
HEKOTOPOE BPEMsl, PABHOE MHTEPBAIlY 3aTyXaHHs IIEPEXOAHBIX IIPOLIECCOB, TOXKE
OyzeT MMeTh BUJl FApMOHNYECKOT0 CUTHAJIa, HO C OTIMYHON OT BXOAHOTO AMIIIH-



Tynoii u pasoii - y(t)= Ae™" . Toncrapnas Buipaxenus mis x(¢) u y(¢) B (3.3),
HOJTY4UM

bylio)" +b, (iw) "+ +b,

a,(io)" +a, (o) + - +a,

A=

Ammmuryna 4 sBnsgercs KOMILIIEKCHON ()yHKIMEH TOIBKO 9acTOTEL @ .
[TockonbKy Npy rapMOHUYECKOM CHUTHAJIE HAa BXO/E BBIMOIHIETCS PABEHCTBO
y(t) = Ax(t), TO A MOXET paccMaTpHUBaThCS Kak KO3 (UIMEHT repeaadyn 3BeHa.

Torna, BBOJIS mEpeMEHHYIO s = i@, 1 ko3 duirenTa nepeaaun JI3 noinyqum

N N-1
_ bys™ +by s +---+b,

34
aMsM +aM_1sM_1 +---+a, S

H(s)

Oynknua H (s) MOJIHOCTBIO XapakrepusyeT JI3. B yacTHOCTH yacTOTHas
xapakrepuctuka JI3 papaa H (i a)) , @ UMITYJIbCHAsl XapaKTePUCTUKA MOXKET ObITh
noJiyueHa kak oopaTtHoe npeodpazoBanue Oypne ot H (za)) uiau obpatHoe Mpeood-
pasoBanue Jlaruiaca ot H (s)

0 1 o +i

h(t):% [Hlwk™ do=—_ [H(s)"ds (3.5)

—0 —io
MpUYEM KOHTYP UHTETPUPOBAHMS BO BTOPOM MHTETpasie, NpeACcTaBIsouui co0oi
MapauIEIbHY0 MHUMOM OCH IIPSAMYIO Ha KOMIUJIEKCHOW NIJIOCKOCTH NIEPEMEHHON § ,
BBIOOPOM © CMeNIaeTcs Tak, YToObl Bce 0COOCHHOCTH QyHKUUU H (s) OBLIIN pac-
IIOJIOYKEHBI CJIEBA OT HETO.

CymectByeT 1 00paTHas CBsI3b, O3BOJISIOIAS 110 UMITYJIBCHOM Xapakre-
PUCTHKE ONPEIETUTh KOAP(UIHMEHT Nepeau UM YaCTOTHYIO XapaKTEePUCTUKY
JI3

o0 o0

H(io)=[h(t}e™"dt, H(s)= [ h(t)e™"dt (3.6)

0 0

[Tpu 3anucwu (3.6) npeanonaraercs, 4To h(t): 0 mpu ¢ <0, 1.e. JI3 sBnsieT-
sl peasiu3yeMbIM (YIOBJIETBOPSAET MPUHIUITY IPUUUHHOCTH ). MOXHO MMOKa3aTh,
YTO HEOOXOAMMBIM YCIIOBUEM JUJISl peasin3yeMocTu JI3 siBisieTcs pacnoioKeHue
BCceX 0COOBbIX Touek GhyHKIuu H (s), a TAKUMU B COOTBETCTBUHU C (3.4) MOTYT OBITh
TOJIBKO TOJIFOCHI, CJIEBA OT MHUMOM OCH KOMIIJIEKCHOM INIOCKOCTHU IIEPEMEHHON S .

[Tpu nudposom moaenuposanuu JI3 ero BXoaHou x(t) U BBIXOJHOU y(t)

CUTHAJIbI IPEJICTABISIOTCS B BUAE PELIETYATHIX (PYyHKIUN x[n] u y[n] , KOTOpBIE



OTJIMYHBI OT HYJIA JUISI AUCKPETHBIX MOMEHTOB BpeMmenu nl,n=0,1,2,...,tne T -
nepuos auckpeTusaruy. TouHoe paBeHcTBO BXOMHBIX X[1n]= x(nT) 1 BRIXOAHBIX
CUTHAJIOB y[n]: y(nT) JI3 u ero umdpporoit Momenu He gocTikumo. Ha npakTuke
BO3MOJKHO JTHIIIL TPHOIIKeHHOE paBencTBO y[n]|~ y(nT). 3anaueii cunresa mud-
POBOI MOJIEIH SBIIAETCSA HAXOXKICHHE TAKOTO ArOpPUTMA BhIuMCcIeHus Y[n] mo
x[n], npu KoTOpOM 5TO MPUGIMKEHHOE PABEHCTBO BHIMONHAETCS KAK MOXKHO TOY-

Hee. B Takol mocTaHoBKe 3aj1a4a MOJEeMpoBanus JI3 HUUeM He OTauvaeTcs oT 3a-
nauu cuHTesa 1udposoro puibtpa (IID) no ero ananoroBomy nporotuiy. [pu
sToM camo JI3 Gyner SKBUBaJIEHTHO (PUIBTPY aHAIOTOBOMY (IIPOTOTHUILY), & €T0
uudposas Mozelb — GuIbTPY HUppoBOMY. PaccMOTpUM HEKOTOPBIE METO/IBI CO-
CTaBJICHUS UPPOBBIX MOIENIEH JTUHEHHBIX 3BEHBEB.

3.1.1. MeToa HBapMaHTHOCTM UMMYNbLCHOWN XapaKTepPUCTUKU

[Tpu cuHTE3€ MOIEIIA TUM METOJIOM 00€CTIeUnBaCTCS PABEHCTBO MM-
MYJILCHBIX XapaKTePUCTUK aHAJIOrOBOro (hriibTpa u U poBoro GuibTpa

h[n]= h(nAt), n=0,1,... (3.7)

[lepenatounas pyukius I npu 5ToM paBHa z -nipeoOpa30BaHUIO OT UM-
IIYJIbCHOW XapaKTePUCTUKU

o0

H(z): Zh[n]z"’ (3.8)

n=0

JlommycTuM, 4TO aHAJIOTOBBIA (PUIIBTP UMEET NEPEAATOUHYIO (PYHKIIUIO BU-
aa

§)= (S_Sl)(S_Sz)"'(S_SM)
= H skl —5,) 69

rne S,,m=1,M u s, ,n=1,N—Hylu 1 HONIOCHI IEPETaTOYHON XaPAKTEPHUCTUKH.

HNmnynbcHas XapaKTepuCTUKa aHAJIOTOBOTI'0 (PUIIBTPa OJTHO3HAYHO OINPEAEIISEeTCS
Kak npeoOpazoBanue Jlamnaca pynkuun H (s), U B ClIy4ae, KOrJa MOJI0ChI

s ,n =1, N mpocTbie, paBHa

n?>

h(t)= ﬁ:Akesk’ (3.10)



rne A, = H(s)s —s, 1 s, Refs, } <0,k =1,N. Torna ua ocHoauuu (3.7)) um-

IyJIbCHAs Xapakrepuctuka 1P pasHa

h[n]= ﬁ:AkeskT" (3.11)

a) 0)

udposoe 38eHO — L—p
— 1-ro mopsinka
1
x[n] udporoe 3BeHO y[n]
—o> 1-ro mopsiaka
2

Ludposoe 3BeHO
1-ro nmopsiaka

exp{s,T}

Ludposoe 3BeHO
L—p 1-ro mopsika
N

Puc. 3.1

[Moacrasnss (3.11) B (3.8), monyuum kodduiment nepenauun LD

(3.12)

VYuuTtsiBasi, 4TO yMHOKEHHUE Z -IpeoOpa3zoBaHus HU(POBOro CUrHaia Ha
z ' SKBUBANIEHTHO 3a/IepKKe CHTHANIA HA TIEpUOJ AUCKpeTH3auu T, HoTyduM
cxeMy peanuzanuu GuabTpa B Buae N THapaiedbHO BKIOUESHHBIX MH(PPOBHIX
3BEHBEB MEPBOro Nopsaka (cM. puc. 3.1).

JIokaxkeM, 4TO pacCMaTpPUBAEMbIN METOJ 1A€T YCTOMYUBBIN pEeAIU3yEMbIN
uupposoit puiibtp. g nokazarenbcTBa yctounBoctu oopatumes K (3.11). Ilo-
CKOJIbKY Re{sk } <0,k =1,N, To 5KCTIOHEHIIMANbHbIE UleHbl ¢’ NpU yBeITHUYeHUH

n OynyT yObIBaTh, U h[n] — 0 mpu n — 0. CnegoBaresbHO, MOTYYaIOIIANCS B pe-
3yJbTaTe UCMOJIb30BAHUS METOJa MHBAPUAHTHOCTH UMIYJIBCHON XapaKTepUCTUKU
[P 6yner ycroituns. PaccMoTpuM Tenepsb BOIpoc o peanuzyeMocT. 13 Teopun
uM(pOoBBIX (GUIBTPOB U3BECTHO, UTO JJIS1 PEAIM3yEMOCTH HEOOXOAUMO, YTOOBI MO-
mockl ko3 uurenTta nepeaaun LD nexanu BHyTpH Kpyra e IMHUYHOTO pajanyca
Ha IJIOCKOCTU nepemMeHHon z. 13 (3.12) cnenyet, uTo K03 PULIUEHT nepeaadn

H (z) CHHTe3MpyeMoro GpunbTpa umeer N nomocos z, =™, k=1,N. B cury To-

Re [sk]

ro, uto Refs, }<0,k=1,N, momyuaem |z, | =" <L k= 1, N, CrienoBarenbHo,



BCE TIOJIOCH (PUITBTpa JIeKaT BHYTPH Kpyra eIMHUYHOTO pajinyca, U CHHTE3Hpye-
MBI QUIBTP pean3yeM.

PaccMOTpeHHbBI METOL HE MOXKET ObITh UCIIOJIb30BaH, Korjaa ko3 duiim-
€HT MepeJayu aHajioroporo punstpa H (s) He umeeT noiocoB (N =0) uiu koraa
YKCJIO MOJIIOCOB MEHbIIEe uucia nyne (N <M ).

3.1.2. MeToa 6unuHenHoro npeobpasoBaHus

[TycTh K03 dULHEHT Nepeaaun aHaJoroBoro (GpuibTpa 3ajaH B BUIE

H(s) = b,s" +b,_ s+ +b,

(3.13)

N N-1
ays" +a, s" " ++a,

npuueM N =M . be3 norepu 0O0IHOCTH MOKHO CUNTaTh, 4TO a, =1. Pa3nenum

YMCIMTENb U 3HaMeHaTenb (3.13) na 5" . B pesyabTaTe Hoaydum

by Ws) ™ +by ((Us)T 44 by (Us)

H(s) 1+a, (1/s)++a,(1/s)"

(3.14)

OmibTp ¢ ko3phunmrentTom nepenauu (14) moxer ObITH peaiu30BaH MO
cXxeMe, NPEICTaBICHHON Ha pUC.

3.2a.
x(¢
() 3BeHO N-T0 o bo a0 e 3BeHo N-ro |,
nopsiKa MOpPSIIKa
3Beno (N-1)- S b "ot le] 3BeHO (N-1)- |4
O MopsiIKa ! 'O TMOpsIKa
o o0 ® oo
3BeHo (N-M)- 3BeHO /-TO
O MopsiIKa B MOpPSIIKa -
()

»

Puc. 3.2

OCHOBHBIM 2JIEMEHTOM CTPYKTYPHOM CXEMBI Ha PUC. 3.2 ABIIAETCS 3BEHO
1 -To mopsaaka ¢ kodpdunuenrom nepegaun H, (s) = 1/ s" , KOTOpPOE MPEJICTABIISIET
co0oli mocneoBaTeIbHOE COSUHEHUE 1 UHTETPaTopoB (puc. 3.3).



E—— l l —— P> o 06 o —P l —>
S S S
H,(s)=(1/s)

Puc. 3.3

CrnepnoBatesibHO, 6a30BBIM 3JIEMEHTOM JJI pean3alliy aHAJIOrOBOrO
¢dunbtpa (3.14) sBAsieTcss UHTErPaTOp — 3BEHO ¢ KO3 PUITMEHTOM TIepeaun
H, (s) =1/s . TloaTomy mipu udpoBOM MOIeTUPOBaHHU GUIHTPa 3a 6a30BbIii JJ1e-
MEHT MOXET OBbITh B34T LU(PPOBOI aHAIOT UHTETpaToOpa.

[Ipu moctpoeHnu HUPPOBOrO UHTErPATOPA MOKET OBITH UCIIOJIB30BAHA
pPEKyppEeHTHas Mpoleypa, peaanu3yronias oOJuH U3 Haubosee TOYHbIX METOJIOB
YUCJICHHOT'O MHTEIPUPOBAHUS — MemoO mpaneyuii. B COOTBETCTBUU C 3TUM METO-
JIOM MHTETpaJl OT HEKOTOPOU QPyHKIUU f (t) Ha UHTECPBAJIC [to ,tn] BBIYMCIISICTCS HA
OCHOBaHUHU CIEAYIOIIETO COOTHOLLIEHUS

g(tn):iff(t)dt zT|:f(to)'2"f(t1)+ f(tl);f(t2)+...+ f(tn—1)2+f(tn):| (3.15)

rne t, =t,+kT, k=0,n—1 - n paBHOMEpHO pacHpeAcICHHbIX HA HHTEPBae
[to ,1, ] Y3J10B UHTETPUPOBAHUS.

ITycTh Ha BXOJ MHTEIPHPYIOIIETO 3BeHa Nojaercs nporecc f(¢). Torna na
ocHoBaHuUMU (3.15) curHaiel Ha BbIXOA€ HU(PPOBOrO NHTETPATOPA B MOMEHTHI f, U
t,., CBA3aHBI CIEIYIOIUM PEKYPPEHTHBIM COOTHOILIEHUEM

el 1= glal+ = { /Dol fla+1]) (.16)
B3siB Z -nipeo6pazoBanue ot (3.16), monydum
ZG(Z) = G(z)—l— — {F(z)—l— ZF(Z)}

Torna ko dunreHT nepeaaun UG pPOBOTO UHTETPATOPA PABEH

G(z):Zl—l-z_1
F(z) 21-z"

H,(z)= 3.17)



CrnenoBatenbHO, IEPEMEHHOM § B BhIpaXKEHUU 151 Ko duiineHTa nepe-
Ja4M aHAJIOTOBOTO (PUIIBTPA MOXKET ObITh OCTABIEHO B COOTBETCTBUE CIIEIYIOLIEE
BBIpaKCHUE

-1
_21-z (3.18)

§=_ ]
T1+z

npu 3anucu kodddunuenta nepeaaun L{D. [Ipeodpazosanue (3.18) B Teopun
(GyHKUMN KOMILJIEKCHON NepeMEHHOM Ha3bIBaeTcs Oununetinvim. OTcrona cieayer
1 Ha3BaHue MeTos1a. OCOOCHHOCTh OMIIMHETHOTO TTpeoOpa3oBaHus 3aKJIIOYACTCS B
TOM, YTO JIeBasl MOJTYIUIOCKOCTh NEPEMEHHOM § 0TOOpa)xaeTcsi BO BHYTPEHHOCTh
OKPYKHOCTH €IMHUYHOI'0 pajuyca B INIOCKOCTU NIepeMeHHOoH z . [ToaTomy, ecinu
aHaJoroBbid GUIBTp ¢ ko3P dunreHToM nepegaun H (s) MMeEJ TOJIFOCHI B JIEBOM

MOJIYIUIOCKOCTH MEPEMEHHOM § (T.€. ObLT yCTONYMB U peagnu3yeM), TO 3TH MOJIOCHI
npeobpazoBanuem (3.18) OyayT oToOpakeHbl BO BHYTPEHHOCTh OKPY>KHOCTHU €]11-
HUYHOTO pajuyca B IJIOCKOCTU niepeMeHHou z. CienoBareiabHO, METOA OUITMHEN-
HOTO MPeoOpa3oBaHUsl MO3BOJISET MOTYUYUTh YCTOMYUBBIE U peaTuzyeMbie uQpo-
BbIe (DMIIBTPBI, €CJIM STUMHU CBOHCTBAMH 00J1a]1a]Tl MX aHAJIOTOBBIC POTOTHUITHI.
[Ipumenenue Metoaa OMIMHEHHOTO MPEeoOpa30BaHUs AJisl CUHTE3a (MO/Ie-
mupoBanud) L{® npuBoauT k siBIeHUIO dehopmayuu wikansl yacmom. CyTb JaH-
HOTO SIBJICHUS B cieaytomeM. IIycTte @ u () - KpyroBbl€ YaCTOTHI TP 3aIIMCH Yac-
TOTHBIX XapaKTEPUCTUK aHAJIOTOBBIX U COOTBETCTBYIOIIUX UM U(PPOBHIX (PHITBT-

pOB. YUMTHIBAsA, 4TO § = i® U z = €', HOIy4UM CIEAyIOILYIO CBI3b @ U )

W= (3.19)

..
=2

2
T

Q

IIpu maneix () B cuity TOro, 4To tg B ~—, Q=T . CrenoBaTenbHo, IpU

Q) <<1 ananoroBbIil U HUPPOBOK GUIBTPBI OYIYT UMETH NPUMEPHO OJIMHAKOBBIE
aMIUTUTYHO-4YaCTOTHbIE XapakTepucTuku. OaHaKo sl 60Jiee BBICOKMX YacTOT
COOTHOILIEHHE MEXKIY @ U () CTAHOBUTHCS HEIMHEUHBIM, T.€. IPOUCXOIUT Jie-
dbopmarus mkaibl 4acToT (puc. 3.4).



\H(io)

v {Ov

H(e™)|
v

Puc. 3.4

Bnusinue 3Toil neopmManuy MOXHO MPOUIIITIOCTPUPOBATH HA IPUMEPE
MOJICJIMPOBAHUS aHANOroBoro Gpuibrpa, AYX KOTOPOro UMEET TpU OJIMHAKOBBIE
1o mupuHe noJockl nponyckanus 1, 2 u 3. Cunre3upoBannbiii LI Takxe Oyaet
UMETh TpU noJockl. OAHAKO IHUPHUHBI MOJ0C MPOMYCKaHUs OyAyT B cuily aedop-
Malliy 1IKaJbl YaCTOT Pa3HbIMU, KaK MOKa3aHo Ha puc. 3.4. SIBnenue nedopmanuu
mikasbl yactoT Ha AUX 1D mMoxkeT ObITh CKOMIIEHCUPOBAHO BBEJIEHUEM IPEbIC-
kaxeHu B AUX mporotuna, KOTOPBIE 3aKIIOYAIOTCS B PACTSHKEHUU IIKAJIbI Yac-
TOT 110 3aKOHY

0'=—tg— (3.20)

rae @' - ne)opMHUpPOBaHHAS YACTOTA JJISl AHAIOTOBOTO (DUIBTpA.

Metoa OunuHERHOTO MPeodpa30BaHUs TAPAHTUPYET XOPOIIIee COBIAICHHE
YaCTOTHBIX XapaKTEPUCTHK aHAJIIOTOBOTO U U(PPOBOTO (PHIBTPOB B JUATIA30HE
4acTOT |a)| <7 /4T . Tlpu |a)| > 71 /4T 4acTOTHBIE XapaKTEPUCTHKU (PUILTPOB, KAK

IMpaBnJIO, SHAYUTCIIbHO Pa3JINYarOTCA.

3.1.3. MeTop 3ameHbl andcepeHumanos



bynem cuutats, uto B (3.13) a, =1. Toraa npsamas peanusanus

aHaJNoroBoro GpuibTpa o ero Kkod3guurenty nepenauu H (a)) BO3MOXHA, €CIIU
Oyner peanu3oBaHa CTPYKTypHas cXema, IpejcTaBiIeHHas Ha puc. 3.5,

x(¢
( ) R 3BeHo 0-ro o bO Za) e 3BeHO /-TO P
nopsijKa nopsiaKa
3BeHo /-1o 2
R | b _ 3BeHO Z2-T0 |,
nopsijKa > 2 42 14 nopsiKa
R 3Beno M-ro 3Beno N-ro
nopsiaKa aE nopsiaKa X
W)
Puc. 3.5
1 2 n
—>» 5 P S ——Peee—> 5 | —»
— — __
H,(s)=s"
Puc. 3.6

OCHOBHOE OTJIMYME TOU CXEMBI OT CXEMBI Ha PUC. 3.3 3aKI0YAETCSA B TOM,
YTO €€ 3BE€HbS TOCTPOSHBI HA OCHOBE KAaCKaJIHOTO BKIIOYCHHS MU (HEepeHIINaTOpOB
(puc. 3.6). IlosTomy 6a30BbIM 3JIEMEHTOM JIJIs1 TOCTpoeHUst Mojenu LD moxeT
OBbITh B3AT AU pepeHnunaTop ¢ kodpduuurenrom nepenaun H, (s) =s. Onpenenum

kod(ppunueHT nepenauu nuuppoBoro anagora auddepeHIpyroiero 3seHa. 3a
OCHOBY MOTYT OBITh B3SIThl (POPMYJIbI YUCIEHHOTO AU hepeHunpoBaHUs

)- L(f) f(t,)- JT{ (¢, -7 )’ HUCXOAAIIAsT Pa3sHOCTb o)
ST fle, +7)- f(z,) .

t=t,

T , BOCXogsmas pa3HoCTb



[Tono6HO TOMY, Kak 3TO ObUIO CAEJIaHO B MPEAbIAYLIEM pa3feie, BO3bMEM
Z -tipeobpazoBaHue oT 00eux yacteit ypaBuenus (3.21). B pesynbrare noayuum
ko3 puLreHTs! nepeaadn uudpoBeIX AU PepeHInaTopoB, MOCTPOEHHBIX COOT-
BETCTBEHHO HAa OCHOBE HUCXO/SIIMX U BOCXOASIIMX Pa3HOCTEN

T’ HUCXOIs11asi pa3HOCTh
H(z)=1 T, (3.22)
, BOCXOJs11asi pa3HOCThb

CrnepnoBatenibHO, IPU CUHTE3€ HU(PPOBOro (PUIBTPA BOZMOXKHBI JIBE 3aMe-
HBI

(3.23)

Hec105kHO 1oKa3arh, 4TO 3aMEHa, IMOJyYEHHAs METOAOM HHUCXOISAIINX
pa3HOCTEl, 0TOOPAKAET JIEBYIO TONYIUIOCKOCTh TIEPEMEHHON § BO BHYTPEHHOCTD
OKpyXHOCTH paauyca 1/2 ¢ menrpom B Touke 1/2 (puc. 3.7 a), KoTopas SIBISIETCS

JaCTbIO CAMHUYHOTO Kpyra Ha IJIOCKOCTH HepeMCHHOfI zZ. CJICIIOB&TCJ'IBHO, Ipu
HCIIO0JIb30BaHNH 3aMCHbBI IICPCMCHHBIX

o (3.24)

MOJIY4arOTCsl YCTOMYUBBIE U peanu3yeMble TU(GPOBbIe (PUIBTPHI.

B 10 xe BpeMs npeoOpa3oBaHue, MOTYYEHHOE METOJIOM BOCXOASAIINX pa3-
HOCTEM, 0TOOpakaeT JIEBYIO MONYIJIOCKOCTh IEPEMEHHON § B MOIYIIIIOCKOCTD,
JIeXKAITYI0 HUKE MpsIMON y=x—1, rae x = Re(z) uy= Im(z) (puc. 3.7 6). Ilo-
ATOMY MOJIFOCHl YCTOWYMBOIO U PEAIM3yeMOro aHaJIOrOBOTro (puiibTpa mpu TaKoM
npeoOpa3oBaHUU MOTYT NONACTh B 00JIACTh 3a MpeAesiaMi €AUHUYHOW OKPYKHO-
ct. B pesynbrare cunTesupyempiii uibTp Oyner HepeanusyembiM. Crie1oBa-
TEJIBHO, JUIsl paCCMAaTPUBAEMOI'0 METO/a CUHTE3a HU(POBBIX (QUIBTPOB CIEAYET
HCIIOJIb30BaTh TOJIBKO 3aMeHy (3.24).



Puc. 3.7

Merton 3ameHsl TudpepeHIraioB IPUMEHUM B CUTYALMSIX, KOTAa METO/L
WHBAapUAHTHOCTH UMIYJIbCHON XapaKTepUCTUKH HE UCTIONb3yeTcs. B To ke Bpems,
METOJI MOXET 1aTh 3HAYUTEIbHYIO Pa3HUILY B YACTOTHBIX XapaKTEPUCTUKAX
GuUIBTPOB, €Cau HyIU KO3 (ULIMEHTA NTepeau aHaoroBoro ¢punstpa H (s)
MMEIOT JICHCTBUTENBHYIO YaCTh, MPEBBIIAOINIYIO 10 Benuuunne 1/27 . Kpome Toro,

METOJ He BCerjia rapaHTHpyeT OJIM3K0e COBMAeHHE XapaKTePUCTHK aHAJIOrOBOTO
u uugposoro GuibTpa, koraa H (s) He umeet Hyaeu (M =0).

3.1.4. PacuyeTt KUX dunbTpoB

B npeapiaymux pasgenax paccMaTpuBalIuCh METOAbI LU(PPOBOTro MOIEH-
pPOBaHMs aHAIOTOBBIX (GUILTPOB. B pe3ynbpTaTe NCNONb30BaHUS U3II0KEHHBIX CIIO-
co00B MOoJIy4aroTcsi HU(POBBIE PUIBTPHI, UMEIOLINE PEKYPCUBHYIO CTPYKTYPY U
OECKOHEUHYIO IO JJIMTEIbHOCTH UMIYJIbCHYIO XapaKTepUCTUKY. B cuiny nocnen-
HEro B T€OpUH LHUPPOBBIX PUIBTPOB NMOI00HBIE YCTPONUCTBA MOIYYHIN Ha3BaHUE
BUX ¢punbTpoB (puiabTpbl ¢ 0ECKOHEUHON UMITYJIBCHOW XapaKTEPUCTUKOM). DTH
(GuIbTPHI, KaKk ObUIO MOKA3aHO, HACIEAYIOT OT CBOMX aHAJIOTOBBIX MPOTOTUIIOB Ta-
KM€ CBOMCTBA KaK YCTOWUYMBOCTH U peannzyemoctb. Oqnako BUX gunbtpel nme-
10T U psii HeocTaTKOB. OKa3bIBa€TCs, UTO MPU BHICOKUX MOPSAIKAX OMIUOKH OK-
pyIJieHus, HeM30€KHO BO3HUKAIOIIKE MTPU BbluKciaeHUU Koapurentos bBUX
buabTpa, MOTYT IPUBECTH K ero HeycToiunoctu. Kpome Toro, BUX ¢punbTpbl
00€eCreynBaloT XOPOLIYIO alIPOKCUMALIMIO aMIJTUTYTHON XapaKTepUCTUKH aHAJIO-
rOBOI'0 MPOTOTHUIIA MTPU HEJIMHEWHOH (ha3oBoit xapakTepucTtuke. [lociennee 00-
CTOATENBCTBO B HEKOTOPBIX CIIy4asiX SABJISETCS HEXelaTeabHbIM. M30aBUTHCS OT
ATUX HeJOCTaTKOB M03BOISIIOT KX GunbTpsl, T.€. GUIABTPHI C KOHEYHOW UM-
MyJbCHON XapaKTePUCTUKON. DTH QPUIBTPHI BCEr1a YCTOWYMBBI M UMEIOT JTUHEH-
HY10 ()a304aCTOTHYIO XapaKTEPUCTHKY, €CJIM UMITYJIbCHAs! XapaKTePUCTHUKA CHUM-
METPUYHA UM aHTUCUMMETPUYHA OTHOCUTEJIBHO CBOEH Cepe/InHBI.



Cunre3 KUX ¢punbrpoB npousBoautes cieayromum oopazom. Ilycts
H, (z) - k03 punment nepenaun bUX punbrpa ¢ UMIyIbCHON XapaKTepUCTUKON

h, [n], n=0,1,.... [lonoxum umnynbcHyto xapakrepuctuky KUX ¢unbrpa paBHoii

h[n]= w[n]hd [n], n=0,,..., (3.25)
rie
[n]= LO<n<N-1
= 0,n=N (-20)

JuckpeTtHas GyHKUUA w[n] Ha3bIBACTCSA NPAMOY201bHbIM OKHOM. Ha oc-

HOBaHUU CBOMCTB JUCKPETHOTO npeodpazoBaHus Oypre aMIUIUTYIHO-4aCTOTHAsS
xapaktepuctuka KX ¢uibrpa paBHa cBeptke AUX BUX dunbrpa u AUX okHa

H(e)=1 [H,(e” (e v (3.27)

Hecnoxno nokazars, uto AUX npsMOyrojabpHOr0 OKHa paBHa

_NQ
| - | g SN
Wle?)=1e"=e 2 —2 (3.28)
n=0 sinE

['padpux moxyns pyHkuuu W(em) IIPEACTABIIEH Ha puc. 3.8.
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Puc. 3.8

Ota (pyHKIMS UMEET CIELYIOINE OCOOCHHOCTH:
1. ‘W(eig} - nepuoanyeckas GyHKUHUS C IEPUOJIOM 27T ;

2. I'padpuk ‘W(eig} MMEET BUJI IEPUOAUYECKU ITOBTOPSIOLIUXCS JIeIIe-
CTKOB, MAKCUMaJIbHOE 3HAYEHHUE KOTOPBIX paBHO /N, a HIMPUHA 11O
HIePBbIM HYJIM - 477/ N ;

3. Mexnay riaBHbIMM JIETIECTKaMHU HaAXOASATCS OOKOBBIE, ITUPUHA KOTO-
pbix paBHa 277/ N ;

4. MakcuMmanbHbIi ypoBeHb N MMEET NEePBbIil O0KOBOI JIEMECTOK, OT-
HOCHUTEJBHBIN YPOBEHb KOTOPOTro paBeH -13 nb;

5. C yBennuennem N OTHOIICHUE IIONIAJCH B TIIABHOM JIEIECTKE U
MepBOM OOKOBOM OCTA€TCsI TOCTOSTHHBIM.

PaccMoTpyM, K KaKMM TOCIECTBUSAM MPUBOJIAT Ha3BaHHbIE CBOMCTBA Ha
npuMepe CUHTe3a (pUIIbTpa HUKHUX YacToT, AUX kotoporo H, (eiQ) peacTaBe-

Ha Ha puc. 3.9 a. Pesynbrar cBeprku Qynkunu H (eiQ) u W(e’“) TIpE/ICTaBJIEH Ha
puc. 3.9 6.



IHy (']

Puc. 3.9

N3 pucynka BusHo, uto AUX KUX dunbTpa nuMmeeT mynbCUpyOMUN Xa-
paKTep Kak B MOJIOCE MTPONYCKaHMsI, TaK U B I0JIOCE 3arpaxaeHus. [lpuuem am-
miTyaa nyiascauuii AUX Bo3pacTtaeT no Mepe npuOaumKeHUs! K TPaHMIIE TOJI0ChHI
npomnyckanus. [pyroit ocobennocteio AUX KX dunbTpa sBisercs nosBieHue
NEePEXOAHON 00JIaCT MEXKIY MOJIOCaMU MPOMYCKaHUs U 3arpaxkaeHus, rae AUX
MEHSIETCS CPABHUTENBHO MEJIEHHO. AHAJIN3 MMOKA3bIBAET, YTO MPH YBEIMUYCHUU
KoJM4yecTBa oTcyeToB N B uMIysibcHOM xapaktepuctuke KUX ¢uibrpa (1unpuHsl
NPsIMOYT'OJIbHOTO OKHA) KpyTh3Ha AUX B nmepexoHOM NoJIoce YBEJINYUBAETCS,
OpnHako npu 3ToM ypoBeHb nysbcanuii AUX B mosiocax NpoIrycKaHus U 3arpax-
JI€HUS PAKTUYECKHU OCTAETCS MTOCTOSIHHBIM, XOTS YaCTOTa CAMUX ITYJIbCallUil yBe-
JUYUBaeTcs. JTO SBJICHHE MOJYYWIO Ha3BaHUe aghghexma [ ub6ca, Ha3BAHHOTO TaK
110 UMEHH MaTEMaTHKa BIIEPBBIE HUCCIIETOBABLIETO BOIPOCHI CXOAUMOCTH PSAJIOB
Dypsoe.

Jlnst ymenbienus a¢dexra ['ndb6ca ucnonb3yoT Ipyrue, OTIUYHbIE OT
MPSIMOYTOJIBHOT'O, BECOBBIE OKHA':

1. Oxno bapnerrta (TpeyroiabHOE OKHO)

2n ’ OSnSN_l
wln]= N2;1 N1 2 (3.29)
2 - , <n<N-1
N-1 2

2. OknHoO XaHHa



w[n]:;{l—cos(im ﬂ,OSnSN—l (3.30)

3. OxHo XOMMHHTA

w[n]:O,54—O,46cos(z\2[7m j,OSnSN—l (3.31)

4. Oxno bipxkmana

wln]=0,42 - O,Scos(z\zfﬂnlj + O,OSCOS(;W j ,0<sn<N-1 (3.32)

5. Okno Kaitzepa

Io[a\/l—(l— 20 jZJ
N-1 (3.33)
,0<n<N-1

rae [, () - pynkuus beccenss MHUMOTro apryMeHTa, o - MOCTOSIHHBIN KO3 dUIn-

eHT, 4 <o <9. 3MeHeHne o MO3BOJISET BIUSATh HA YPOBEHb OOKOBBIX JICTIECTKOB.
3Ha4yeHUs1 YPOBHS MEPBOro OOKOBOTO JIEMIECTKA U IIMPUHBI TJIABHOTO JIeTe-
CTKa I10 MOJOBUHHOMY YPOBHIO CBEJICHBI B Ta0uIly 1.

Tabnuma 1
OkHo Awmmntyna neporo 6o- | Illupuna rinaBHoro nere-
KOBOTO JIeTIeCTKa, 1b CTKa
[IpsiMoyToIbHOE -13 2/ N
Baprnerra -25 4/ N
Xanna -31 4/ N
XoMMuHra - 41 4/ N
BikMana - 57 6r/N
Kaiizepa (a =4) - 30 4/ N
Kaiizepa (a0 =6) -45 4/ N
Kaiizepa (a0 =9) - 67 6r/N




3.2. ModenupoeaHue HeJTUHeUHbIX cucmem

B 3aBuCcHMOCTH OT CII0KHOCTH MAaTEMAaTUUYECKOI'0 MOACIUPOBAHNS Pa3JIn-
YaroT TPU TUIIA HEJIMHEUHBIX 3BEHbBEB:
e be3bIHEpLIMOHHBIC HEJIMHENHBIE 3BEHb;
e lIHepuMOHHBIE 3aMKHYTBIC HEJIMHENHbBIC 3BEHbBS,

e 3BeHbs, ONUCHIBAIOIINECS HEMMHEUHBIMU TU(DPEepeHIIMATbHBIMU
YPaBHEHHUSIMMU.

3.2.1. MogenunpoBaHue 6e3bIHEPUMOHHbIX HENIUHENHbIX 3BEHbLEB

[TycThb 3amaHO0 3B€HO, B KOTOPOM MPOU3BOJIUTCS HENMUHEHHOE (DYHKIINO-
HAIIbHOE NPeobpa3oBaHue BXOIHOTO curHazia x(¢)

y(r)=g(x(1)) (3.34)

rae g() - HeKoTopast hyHKIHs, [I0CKOIbKY BBIXOHOM CUTHAI y(t) B MOMCHT
BPEMCHHU [ OIIPEACISICTCS TOJBKO 3HAYCHUEM x(t) B TOT )K€ MOMCHT BPEMCHH 1 HE

3aBUCHUT OT MPEABIAYIINX 3HAYCHUM BXOJHOT'O CUTHAJIA, TAKOE 3B€HO HA3bIBACTCS
0e3biHepioHHbIM. [{udpoBoif MOIeNbIO CUTHAIA Ha BBIXOJIE OyAeT

y[n]=g(x[n]) (3.35)

rae x[n] - MOJIEJIb BXOAHOr 0 curHaia. [Ipu atom, ogHako, cienyeT IOMHUTb, YTO
HEJIMHEWHOe MPeoOpa30BaHNe CUTHAIOB MPUBOJAUT K U3MEHEHUIO IIUPUHBI CTIEK-
Tpa CUTHAJIA HA BBIXOJE M0 CPABHEHMIO C IIMPUHOM CIIEKTPA CUTHAJIA HA BXOJIE.
Kak npaBuiio, 370 U3MEHEHUE MPOUCXOJUT B CTOPOHY YBEIUUYEHHUS INUPUHBI CTIEK-
Tpa. IloaTOMYy Npy HATMYUK B PAIMOTEXHUYECKON CUCTEME HEJTMHENHBIX 3BEHBEB
HEO0OXOJMMO TaK BBIOMPATH YACTOTY JUCKPETU3AIMHU CUTHAJIOB, YTOOBI OTMEUECH-
HOE yBEJIMYECHHUE NIMPUHBI CIIEKTPA HE Hapywano ycinoBui KorensHukoBa — Hailk-
BUCTA.

3.2.2. MogenupoBaHMe 3aMKHYTbIX UHEPLMOHHbIX HENTMHEUHbIX 3Be-
HbEeB

3aMKHYTBIM HHEPLMAIbHBIM HEJTMHENHBIM 3BEHOM HA3bIBACTCS CUCTEMA
CJIEKEHHUS, CoieprKallasi HeJIMHeHble Oe3bIHEPLIMOHHBIE 3BEHbsI. TUnuuHas
CTPYKTYpHas cxema 1nofgo0HOM cUCTeMBI NpuBeieHa Ha puc. 3.10 a.



x(t)

5(t) &(t) y(t)

6
) x[n] 3[n] g[n] y[n]

g() K(z)

v

<

Puc. 3.10

3nech x(t) u y(t) - BXOHO# U BEIXOMHOI mpomecchl. OCHOBHO# 3a/1aueii 3BeHa
SIBIISICTCS MOJICP)KAHME IIPUMEPHOI0 PAaBEHCTBA x(t) 51 y(t). B cocras 3Bena Bxo-

IWUT HEJIMHEWHOE O€3bIHEPLIMOHHOE 3BE€HO, XapaKTepu3yeMoe ()yHKIIMOHAIBHBIM
npeoOpa3zoBaHUEM g(-), a TaKKe JIMHEHHOE 3BeHO ¢ KoA((PUIIMEHTOM nepeaaun
K (S) B cocraB nMHEWHOr0 3B€HA JOJKHO BXOAUTH OJHO WJIM HECKOJIBKO MHTET-
PHUPYIOLINX 3BEHbEB, HEOOXOAUMBIX I IPUJAHKs BCEH 3aMKHYTOW CUCTEME
HYKHOT'O TIOPSI/IKa aCTaTU3Ma.

HomycTtum, 4to U pPOBEIM aHAJIOTOM cUCTEeMbI Ha puc. 3.10a OyaeT nuc-
KpeTHasl CUCTeMa, CTPYKTYpHasi cxema KOTopoi npuseaeHa Ha puc. 3.1006. 3nech
K (z) - k03 punment nepenayu L{P, npoTOTUIIOM KOTOPOTO SABISETCS AHAIOTO-

BbI GUIbTp ¢ Ko PuimeHToM nepegaun K (S)
3anuileM CUrHajbl B XapaKTEPHBIX TOYKAX CXEMbl

§[n]= x{n]~ yln] (3.36)
g[n]=g(6[n])= g(x[n]- y[n))

aNy[n—N]+---+a0y[n]=bM8[n—M]+---+b08[n]

TIne d,,...,d,,0,,...,b, - K03 unueHTs pasHoctHoro ypasHenus LD,

ITockonbKy OCHOBHOM 3aJa4yel PU MOAEIUPOBAHUY SIBIISICTCS BBIYUCIIC-
HUE TEKYIIEro 3HaYEHHUsI BBIXOJIHOTO IIpoLecca y[n], CIPYIIIUPYEM B JIEBOM YaCTH

TOCIIETHETO ypaBHEH s CHCTeMBI (3.36) Bce CHIHaIBI, 3aBuCsIIHNE OT Y[n], a B

npaBoﬁ — CUT'HaJIbl, 3HAYCHHA KOTOPBIX HA MOMCHT JUCKPETHOTO BpEMCHU 71 U3-
BCCTHBI



a,y[n] = byg(x[n] - yn])= (3.37)
sze[n —M]+ ---+b08[n]—aNy[n — N]— ---—aly[n —1]

Amnanu3s (3.37) moka3bIBaeT, UTO Ha 7 -M IIare MOJCIUPOBAHMUS JJIsI OTIpe-

JEJIeHHsI TEKYIEro 3Ha4€HMsI BBIXOIHOTO Mpoliecca y[n] TpeOyeTcs pelnThb He-
JMHENHOE OTHOCUTENIbHO HEM3BECTHOIO YPAaBHEHUE BH/1A

aoy[n]—bog(x[n]—y[n])zé[n] (3.38)

rae é[n] - u3BecTHoe 3HaueHue. [louck pemeHus HenuHeHoro ypapHenus (3.38)

X[n] 5[n] g[n] y[n]

o — g() K(2)

0O _1

Puc. 3.11

\ 4

v

Ha Ka)KJIOM Il1are MO>KET 3HAYUTEJIbHO YBEJIUYUTh BpeMs MojenupoBanus. [loato-
My HEOOXOJUMO HalTH cnocod U30eXaTh pelieHUs] HEJIMHEHHBIX YPaBHEHUM THIIa
(3.38). Takoit cnoco0 JOCTATOYHO OYEBUJICH: HEOOXOAMMO BKIIFOUUTH B LIETTh 00-
pPaTHOM CBA3M AJIEMEHT 3aJ€P>KKM HAa OJUH TaKT, KaK 3TO ITOKa3aHo Ha puc. 3.11.

IIpu 3TOM ypaBHEHHUE IJIs1 HEU3BECTHOT'O BBIXOJHOTO CUTHAJIA CTAHOBUTCS
JIUHEWHBIM

aoy[n]zé[n]+ bog(x[n —1]—y[n —1]) (3.39)

1 €ro pELICHHUE HE BBI3BIBAET 3aTPYIHECHMI.

Heo0xonuMo 0TMETUTh, UTO BBEICHUE 3a/I€PKKU HA OJIMH TaKT B LIEMb 00-
PaTHOM CBA3U BHOCHUT JIONIOJIHUTEIBHYIO MOTPEMIHOCTh. OHAKO BEIMYUHA 3TOU
MTOTPELIHOCTU 3aBUCHUT OT BEJIMYMHBI IEPUOJA JUCKPETU3ALNH, U YMEHBIICHUE T10-
CJIETHETO MO3BOJISET CAENATH 3Ty IIOIPEIIHOCTh MAJIOK.

3.2.3. CucrteMmbl, 3afaHHble HeNMMHEeNHbIMU AndcepeHunanbHbLIMU
ypaBHEeHUAMU

PaccmarpuBaeMsblil cinydail siBisieTcs HanboJiee CI0KHBIM /I MaTeMAaTH-
YECKOI'0 MOJIEJINPOBAHUS HENIMHENHBIX CUCTEM U CBOJIMTCS K YUCIEHHOMY pellle-
HUIO Tu(dPepeHIMATbHBIX YPaBHEHUN, OMUCHIBAIOIINX 3BE€HO.



[TycTh 3B€HO OMUCHIBAETCS CIEIYIOIIMM BEKTOPHBIM U] PepeHIInaIbHbBIM
YpaBHEHHUEM

ay
dt

-Gy Y(,) =7, (3.40)

M
rae Y (t) = {ym (t)}mzl - BEKTOp NE€PEMCHHBIX COCTOSIHUS 3BCHA, G() - BEKTOpHas
(GyHKUUs, f, - HA4aJIbHBI MOMEHT BPEMEHHU, KOTOPBINA 0€3 IOTEpU OOIIHOCTH
MOYKHO IIOJI0KHMTh PABHBIM HYIIIO, ¥ - HauanbHOe 3HadeHue. K Buny (3.40) MoxxHO

MIPUBECTH JIIOOYIO0 CUCTEMY OOBIKHOBEHHBIX AU (PepeHIInaabHbIX YpaBHEHUI.

PaccMoTpuM BKpaTiie METO/Ibl YHCIEHHOTO PEIICHHs YpaBHEHUN BHUa
(3.40).

Memod Diinepa. ITOT METO SIBISETCSI ICTOPUUECKHU TIEPBBIM U3 TIPEJIO-
KEHHBIX JJI peuieHus1 OObIKHOBEHHBIX U] pepeHnanbabix ypasaenui. [lycts T
- IepuoJ1 TucKpeTu3auu. Torna, 3aMeHsisi IpOr3BOIHYIO [0 BPEMEHU Ha ee afl-
MIPOKCUMAIMIO YEPE3 KOHEUHYIO Pa3HOCTb, MOJIYYUM CIIEYIOUIEE PEKYPPEHTHOE
ypaBHEHHE

Y[n+1]=Y[n]+ TG(nT,¥[n]),n=0,,... (3.41)

KOTOPOE MMO3BOJISIET 1Iar 3@ IArOM HAaXOJAWUTh 3HAYEHUS BBIXOAHOTO MPOIIECCA HE
nuHerHou cuctemsbl. Ha puc. 3.12 npuBeaena reomeTpudeckas HHTEPIPETALUS
MOJIyYEHHUS TaHHBIM METOJIOM MPUOTUKEHHOTO pelieHus ypaBHeHus (3.40) aist
cinyyas M =1. HayanbHOM TOYKOW pELICHHUS SBIISETCS 3aJaHHOE MO YCIOBHIO 3a-
Jauy 3HaueHue y,. Ha ocHOBaHUM ), B Ha4aJIbHBI MOMEHT BpeMeHH £, = 0 BbI-

ancnsior 3uavenne G(0,, ), KOTOPOE PABHO TAHTEHCY YIiia HAKIOHA KacaTeNbHOi

K UICTUHHOM MHTETpajIbHON KpUBOM (IITPUXITYHKTUPHAsS JUHUS) ypaBHeHus (3.40)
B Touke ¢, =0. Toyka nepeceyeHns 3TOU KacaTeabHON C BEPTUKAIBLHON IIPSAMOM,

BOCCTaHOBJICHHOU U3 TOYKHU ¢ =1, aeT 3Ha4YCHUe y, = y[l]. 3areMm, ONpPEACINuB ),




Puc. 3.12

13 TOYKHU (T , yl) MPOBOJAT NMPSIMYIO C TAHTCHCOM YIJla HAKJIOHA PaBHBIM G(T , yl)
710 TIEpeCeUYCeHUs C BEPTUKATBLHOM MPSIMOM, BOCCTAHOBIICHHOM U3 Touku ¢ =27 . B
pe3yabTare BBIYUCIAKT ), = y[2]. IToBTOpSAs 3TY IpOLEYDPY, NOIYUYAIOT JIOMAHYIO
JUHUIO (TomanHyto Diinepa), KOTopas SBISIETCS NPUOTNKEHUEM K UCTUHHOW UHTE-
IpaJibHON KPUBOMU.

[TonsiTHO, YTO HalIeHHAs! TUHUA B OOIIEM cllydae He OyJeT COBMAAATh C
WUCTUHHBIM penieHueM. B Teopun audepeHimaibHbix ypaBHEHUN TOKa3aHO, YTO
onmmbKa TMONYYEeHHOTO PEIIeHNs] TPONOPIHOHaNbHa T~ .

Moougduyuposannwiii memoo unepa. PexyppeHTHas npolenypa BblYuc-
JICHHsI OTCYeTa BBIXOJIHOTO TpoIiecca JIsl JaHHOTO METO/1a UMEET BHUJI

Y[n+1]=Y[n]+ Z G, Y[n)+ G(n+ )1, T +1])} n=0,L,... (3.42)

rae Y[n +1]=Y[n]+ TG(nT,Y[n]). Ananns (3.42) nokassiBaer, uTo TaHreHC yria
HAKJIOHA 3JIEMEHTA JIOMAHHOU Dijiepa Ha TEKYyIIeM I1are onpeaensercs Kak cpej-
Hee apu(MeTHYecKoe TAaHT€HCOB YyIJla HAaKJIOHA JIOMaHHOUM Diijiepa Ha TeKYyIleM U
CJIEAYIOIIEM 332 HUM Il1arax 00ObIKHOBEHHOI'0 MeToja Dinepa. Takas npouenypa
MO3BOJISIET YMEHBIIUTh OMIMOKY BEIYUCICHUHN U CIeTaTh €€ MPONOPIUOHATIbHON
T,

Memoo Pynee — Kymma. JlaHHBII METO SBISCTCSA HanOOJIee TOYHBIM U
HCIIOJIb3YEMbIM Ha MPAKTUKE CPEAU OJTHOIIATOBBIX METOJIOB YUCICHHOTO PEIICHUS
OOBIKHOBEHHBIX UG DepeHIInanbHbIX ypaBHeHUH. [IpaBuio BeIYUCICHUS 3HAUE-
HUS OYEPETHOr0 OTCUETa BBIXOJHOTO Mpoiiecca st Mmeroaa Pynre — Kyrra Bbi-
[JISIAUT CJIEAYIOIIUM 00pa3oM

Y[n +1]=Y[n]+€{1<0 +2K, +2K, +K, ), n=0,1,... (3.43)

rac

Hcnonb3ys 3TOT METO/1, 0Ka3bIBAETCS BO3MOXKHO CENaTh OIIMOKY BbIYUC-
NeHuii mponopuuoHanbHoi T .



4. O6paboTKa pe3ynbLTaToB MaTeMaTU4eCcKoro
MoAenupoBaHus

Kaxk 6b1710 0TMEYEHO BO BBEJIEHUU, OCOOEHHOCTBIO PAAMOTEXHUYECKUX
CUCTEM SIBJISIETCS MOCTOSHHOE BO3JIEHCTBUE HA HUX CIIYYallHBIX (PaKTOPOB.
CrnenoBatenibHO, pe3yJbTaThl MOJAEIUPOBAHUS OYAYT TaKK€ HOCUTH CIIy4ailHbIN
xapakTtep. [loaToMy, npuHUMasi BO BHUMaHUE, YTO BPEMs SIKCIIEPUMEHTa U 00beM
MOJIYYEHHBIX TaHHBIX OIPaHUYEHbI, HEOOXO0IMMO TaKk 00padaThIBaTh Pe3yabTaThl,
YTOOBI NMOTyYaeMble OLEHKH HAMITY4IIUM 00pa3oM JaBalld MPEACTABICHHUE O
CBOMCTBAX U IapaMeTpax MOJAEIUPYEMBIX YCTPOUCTB.

[TockonbKy, BCIEICTBUE OTPAHUYEHHOCTH MOJTYYEHHBIX B X0J1€
MO/ICJIMPOBAHUS JaHHBIX, MOKHO TOBOPHTH JIUIIb 00 OLEHUBAHUU TEX WM UHBIX
CBOICTB U TapaMeTpPOB, HEOOXOIUMO ONPEIETUTh KAKUMH KaUeCTBAMU JOJIKHBI
o0naaaTh 3Tu olleHKU. 3 Teopuu cTaTUCTUYECKOTO OLIEHUBAHUS U3BECTHO, YTO
KAa4eCTBO OLICHOK ONPENEIAETCS CIAEAYIOIMIMMU TOKA3aTEISAMM:

1. Cocmosimenvrnocms. O1leHKA €HA3BIBACTCS COCMOSIMENbHOU, SCITH
BEPOSITHOCTh €€ OTKJIOHEHHSI OT UCTUHHOTO 3HAYEHUSI OLIEHUBAEMOTI'0 ITapamMeTpa X
IpYU YBEJTMYEHUU pa3Mepa BBIOOPKHU JaHHBIX N CTpPEMHTCS K HYJIO, T.€.
BBIITOJIHSETCS CIIEIYIOILIEE YCIOBUE

lim Pr{€—x>¢}=0 (4.1)

N—>w

IZie € - IPOU3BOJIBHOE, MOJOXKHUTENBHOE, CKOJIb YTOJHO Majoe 4ucio. CMbICH
ycnoBus (4.1) COCTOHUT B TOM, YTO AJIsi COCTOSITENBHOM OLIEHKU MTPH YBEIHUCHUU
o0beMa HaOMI0AEeHUI 3HaYEHUs OLICHKU BCe OJIMKe U OJIMKe TpYIIUPYIOTCS
BOKPYT HCTUHHOTO 3HAYEHUS MapaMeTpa.

2. Cmewennocmo. CMeleHnEM b OLIEHKH £ Ha3bIBAETCS PA3HOCTh

b, = E{€}—x (4.2)

rae £ {3@} - MaTeMaTH4eCcKoe 0kuIaHue oleHkH. OleHKa Ha3bIBaeTCs
Hecmeuennou, ecnu b, =0. JT0 03HAYAET, YTO LUEHTP rPYNIMPOBAHUS 3HAYECHUM
HECMEILIEHHOM OLIEHKH COBIMAJIa€T C UCTUHHBIM 3HAYEHUEM OLIEHHMBAEMOTO
napameTpa.

3. Dgpghexmuenocmo. Ilpu 1O0CTATOUHO OOUTUX MPEAMOTOKEHUIX
OKa3bIBAETCS, YTO JUCHEPCHS OLIEHKH £ NpU (PUKCUPOBAHHOM 3HAYEHHH pa3Mepa
BBIOOpKH N HE MOXKET OBITh MEHBIIIE, YEM HEKOTOpas BenuunHa D, T.e.

D{€}> D, (4.3)



VYcnosue (4.3) HasbiBaeTcs Hepasencmeom Kpamepa — Pao, a BenuunHa D,
- COOTBETCTBEHHO 2parnuyeti Kpamepa — Pao. I'pannna D, MOKeT OBITH
BBIYHCIIEHA JOCTATOYHO MPOCTO

ob, 2 (4.4)
-3

D, =-

82
Eq o Llrlx)
ox
rae L(r\x) - norapuM QyHKIIMU MPaBaAONOa00Us HaOII01aeMOM BEIOOPKH

T
r=(,...,r,) ; E{} - onepaTop BBIUMCIEHNS MATEMATHYECKOTO OKHIAHMA. 32
Mepy 3ggexkmuerocmuy OLICHKU € MPUHUMAETCS BETUYMHA

D, (4.5)
D{e}

B cuny nepaBenctBa Kpamepa — Pao 0 <¢ <1. Onenka Ha3biBaeTcs
aghghexmusnoti, ecnu € =1, T.e. ee qucnepcus MUHUMAaJbHA U PaBHA TPaHULIC
Kpamepa — Pao.

[Ipu 06paboTKe pe3ynbTaTOB U3MEPEHUH CIEIyeT CTPEMUTHCS K TOMY,
YTOOBI HCIIOTB30BATh COCTOSATENLHBIE, HECMEIICHHBIC U () (PEKTUBHBIC OIICHKH,
OT10 ynaetcs qajeko He Bcerna, [loaTomy nHOr1a BhlllIeHa3BaHHbBIE TPEOOBAHUS
CMSTYAIOT, 3aMEHSISI CBOMCTBA HECMEIIICHHOCTH U 3P(HEKTUBHOCTH
COOTBETCTBYIOIIUMH aCUMIITOTHICCKUMHU CBOWCTBAMM:

4. Acumnmomu4eckol HecMeueHHOCMbIO

limb, =0 (4.6)

N—o©
5. Acumnmomuueckoii 3¢hgpexmusHoCcmbio

lime =1 4.7)

N>

PaccmoTpum Teneps TOT mepeyeHsb 3a/1a4, C KOTOPHIMH Yallle BCero
BCTPEUAETCs MCCIEA0BATENb, OCYIIECTBISIOMUN 00paboTKy pe3yIbTaTOB
U3MEpPEHUN.

OO6bI4HO 1pu 00pabOTKE Pe3yJbTATOB MAITUHHOT'O MOJICTUPOBAHUS
BO3HUKAIOT CJIEAYIOIINE MPOOIEMBI:

e oOmpejeNeHNe SMIUPHUUECKOTO 3aKOHA PAaCTIpeIeTICHUs] BEPOSITHOCTH
OLIEHUBAEMBIX B XOJI€ SKCIIEPUMEHTA MTapaMeTPOB;

® TIPOBEpKa COBMAJCHUS IMIIMPUIECKOTO 3aKOHA pacTpeesieHus
BEPOSATHOCTH C MOJICTILHBIM PacIpe/ieliCHUEM;



¢ OICHKA IMapaMETpPOB paClpCACIICHNA OLCHUBACMOI'0 IapaMeTpa.
PaCCMOTpI/IM, KaK pCiaaroTCs BbINICHA3BAHHBIC 3a/1a1H.

4.1. OueHka 3aKOHa pacrnpedesieHuUs1 eeposimHocmeu

ITycTs B pe3yibraTe 9KCIIEPUMEHTA ISl OLIEHUBAEMOT0 IapaMeTpa x
HOJYYEH PsJl OLUEHOK £,%,,...,€, . DTOT psJ Ha3bIBAETCs BHIOOPKON 00beMa

(pazmepa) N . CyiecTBYIOT JiBa Croco0a OIEHKU SMIIUPUUECKOTO pacipeiecHus
BEPOSATHOCTH OLICHKU: OLIEHKA IJIOTHOCTH PACIpEAesICHUs U OLEHKA (DYHKIUU
pacnpezeseHusl.

[Ipu oueHMBaHUM MIIOTHOCTH pacnpenenenus (quddepeHunanbHoM
(GyHKUMN) BeCh HHTEPBAJ BO3MOXKHBIX 3HaUECHUH OLICHKU € pa30uBaioT Ha K
MHTEPBAJIOB. [|IMHBI HHTEPBAIOB HE 005A3aTEIBHO JTOJKHBI OBbITH paBHBIMU. [loce
NOJTY4YEHUs BBIOOPKU £, %, ,. .., €, HOJACUUTHIBAIOT KOJUYECTBO MONAaJaHUN

BbIOOPOYHBIX 3HAUEHUH B Kaxblil U3 K MHTEpBaJIOB - m, , k =1,K u onpenensor
4aCTOThI

m, — (4.8)

v, =—,k=1LK
N

Ecnu k -it unTepBan umen juiHy Ax, , TO 32 OLEHKY 3HaY€HHUS IUIOTHOCTH
pacnpenenenus f (x) Ha ATOM HHTEepBaje OepyT

4.
ﬁ(X): Vi = e > Xp g Sx<xk ( 9)
Ax,  NAx,

r7ie X, , U X, - TpaHuLbl k -ro nHTEepBana. Takum oOpa3oM, olleHKa ﬁ(x) UMEeT

BU/JI CTYTNIEHUATON (DYHKIIUU UK eucmozpammol. [103TOMY TaHHBIA METO/] B
JUTEepaType NOTYyUU Ha3BaHUS Memooa eucmozpamm. MOoXKHO MoKa3aTh, YTO
MOJIYYEeHHAs! OLIEHKA SIBJISIETCS COCTOATENbHOM, HECMEUIEHHON U 3(DPEeKTUBHOM.
HenpocTbiM BOpocoM IpH UCTIOIB30BAHUHM METOJIa THCTOIPAMM SIBJISIETCS] BEIOOD
KOJIMYECTBA MHTEPBAIOB K . CUUTAaEeTCs, YTO IS MMOTYUYEHNS IPUEMIIEMBIX
PE3yJIbTATOB HEOOXOAMMO, YTOOBI B KaXK/blii HHTEPBAJ MOMAJI0 HE MeHee 8
3HAYEHUM ciay4yalHoO# BenuuuHbl €. OIHAKO 3TO TpeOOBaHUE CII0KHO
UCIIONB30BaTh Ais onpeneneHns K . CymecTByeT SMIUPUUIECKOE NPABUIO
LImiwopzeeca, KOTOpOE YyTBEPKIAAET, YTO YUCIO UHTEPBATIOB TUCTOTpaMMbl K U
00BbeM BbIOOPKH N CBSI3aHBI CIEIYIOUIUM COOTHOIIEHHEM

K=1+32IgN (4.10)

Tax mpu N =1000 nomyuaem, uto K ~10.



OOpatumcs Tenepsb K OLICHKE MHTETPaabHON (YHKIINU pacIpeacICHHUS.
Pacrionoxum pe3ysibTaTel SKCliepuMenTa €, £, ,. .., €, B IHOPSAIKE BO3paCTaHU.

[Toay4um B pe3ysbTaTe T.H. 6APUAYUOHHDBIL PO
£ <Y <. < gM (4.11)

[lycth x - HecnmyuaiiHas BenuuuHa. KonnuecTBo 4jieHOB BapUaIIMOHHOTO
psna (4.11) MEHbIIUX X HA3BIBACTCS IMRUPUYECKOU YACMOMOT

v(x)zM,E(’") <x,m=1,...M (4.12)

Imnupuyeckou hynkyueti pacnpeoeieHus Ha3bIBaeTCs QYHKIUS

0,x<€" (4.13)
ﬁ(x):‘/](vx): M/N, €™ <x< g™
1, €Y <x

OyHKIUSA ﬁ(x) MMeEET CTyneHuaTsli Bua u uamensaercs ot 0 go 1. Ckauku
(YHKIHH PUXOIATCS HA BEIOOPOYHBIC 3HAUCHUSI U MX BENWYMHA paBHa 1/ N . B

MaTeMaTH4eCKOM CTATUCTUKE TOKA3aHO, YTO ﬁ(x) - COCTOSITEIIbHAS U
HECMEIIEHHAas OIIEHKa MHTErpajJbHON (YHKLIMU pacipeieIeHusI.

4.2. [Iposepka coomeemcmeus ebibpaHHOU MoOesiu pacnpeodesnieHus
OaHHbIM 3KcrnepumeHma

Bo MHOruXx ciry4asix HCCII€J0BaTellb, IPOBOAUBIIAN MaTEMAaTUYECKHUM
DKCIIEPUMEHT, C TOM UM UHOU CTENEHBI0 YBEPEHHOCTU MOKET IIPEANOIO0KHUTD,
4TO HAOJII0JacMas OLICHKA € MMeeT HEKOTOPOE MOJENIBHOE PACIIPEIEIICHUE
BEpOATHOCTEN. B 3TOM citydyae BEIOOpOUHBIE JaHHBIE £, %, ,..., €, MOXHO

WCIIOIb30BaTh JJIsl TOTO, YTOOBI IUOO MPUHATH TUIIOTE3Y O CIPABEIJIMBOCTH
CEJIaHHOT'O MPEANOJIO0KEHU, TUO0 OTBEPTrHYTh €€. 3aja4ya NpoBEpKU
COOTBETCTBHUSI BEIOPAHHOM MOJIENN pacIipeieieHUs U IAaHHBIX YKCIIEPUMEHTA
pemaeTcs ¢ NOMOIIBIO T.H. Kpumepues co21acusi. AIrOpUTM IMPOBEPKH IS BCEX
KPUTEPUEB COTJIACUSA CIICAYIOLIUN.

ITycte H | - runoresa o TOM, 4TO IOJy4YEHHOE dIMIIMPUUECKOE

pacnpezeseHue BeIOOpKH €, €, ,..., €, COIACYETCS C HEKOTOPBIM MOJIEIbHBIM.
Jl1st HOATBEPKACHUS WA OTPULIAHUS TUIIOTE3bI /1, BBIOUPAIOT HEKOTOPYIO

¢yukuuo U, 3aJaHHYI0 HA MHOKECTBE SMIIUPUYECKUX U MOJIEIbHBIX
pactpenenenuid. Benmnunna U, BBIYMCIIEHHAS HA MIOJYYEHHOM SMIMPUYECKOM U
BBIOPaHHOM MOJIEJIbHOM PACTPEEICHHUH, SIBISIETCS CIIyYailHOW U Ha3bIBAETCS
pewaroweli cmamucmuxotli. B kauecTBe pelariieil CTaTUCTUKHU Helb3s OpaTh



M00yI0 PYHKIIHIO, TOCKOJIBKY B OOIIEM clTydae €€ pacipeiesieHHe BEPOSITHOCTH
3aBUCHUT U OT (PaKTHUECKOTr0, U OT MOJIEIBHOr0 pacnpeaeneHuii. O1Hako npu
pa3paboTKe METOJI0B corjiacus ObLIM HaliieHbl Takue PyHKuu U, cTaTUCTHKA
KOTOPBIX MPAKTUYECKU HE 3aBUCUT OT YCIOBHIA IKCIIEPUMEHTA U MOKET OBIThH
omnpeeseHa 3apanee. [Ipyu ucnonp30BaHUK TaKOM PELIAOIIEN CTATUCTUKH
npoLeaypa NPUHATHUS TUIOTe3bl [, COCTOUT B IPOBEPKE yCIOBUS

U<U, (4.14)

rae U, - mopor cpaBHEHMs], KOTOPBIH BBIYMCIIAETCS HA OCHOBAHUHU PEIICHUS
OJIHOTO U3 CIEAYIOIINX YPaBHEHUIN

Pr{U>U,}=0a uwm Pr{U <U,}=1-a (4.15)

B ypaBHenusix (4.14) — (4.15) cOOTBETCTBYIOIIKE BEPOSITHOCTH
BBIYHCIISIIOTCS. HA OCHOBAaHUH U3BECTHOTO paclpeeieHHs] BEpOITHOCTEN
pemaronieit cratuctuku U . [locTosiHHAsA o , KOTOpasi HA3bIBAETCS YpoGHEM
3Hauumocmu, BBIOUpaeTcs 3apaHee U YCTaHABIMBAET JOMYCTUMYIO BEPOSITHOCTh
omuOKy npu nposepke runoressl H,. O0bano o =0,05...0,1. B ciy4ae, ecau

HEpPaBeHCTBO (4.14) He BbINONHAETCS, TUNIOTE3a [, OTBEpPraeTcs, U UCCIe10BaTEb

JOJKEH MPEJIJIOKUTDh JPYTYI0 THIIOTE3Y O BUE MOJEIBHOrO pacipeaeneHus. Bee
CYLIECTBYIOLIME KPUTEPUH COTJIACHS PA3IMYaAIOTCA 110 BUAY periaroniei
CTaTUCTUKHU. PaccMoTpuM Hanbosiee 4acTo UCIOIb3YEeMbIE KPUTEPUH COTIACHS.

4.2.1. Kputepuum lNupcoHa

Pa306beM 0011acTh OnpeeIeHnss MOJEIbHOM IIIIOTHOCTH PacIIpe/1e/ICHHs
BepoATHOCTEN F (x) Ha K MHTEpBaJIOB U 0003HAYNM BEPOSTHOCTH MONAJaHUs

OLIEHKU £ B k -if uHTEpBan A, depe3 p, = Pr{;@e A k}. CornacHo KpUTEPUIO
[IupcoHna pemaronen CTaTUCTUKON SBJISETCS CIEAYIONIAsA Mepa PaCX0KIACHUS
MOJEIBHOTO U AMIIMPUYECKOTO PACIIPEAECICHUI

SVASS ORI ETY) @16

rjae m, - KOJIM4eCTBO 3HAUCHUI OLIEHKH, IIONABIIUX B k -if nHTEpBaN A,

(> m =N).

ITupcon nokasai caeayroulyro treopeMmy. Ecnu nposepsemas runoresa H
00 MUCTUHHOCTH MOJEIBHOrO pacnpeaeneHus F (x) BEpHA, TO MPH 00bEME
BbIOOpKH N —> 00 3aKOH pacHpejieJIeHUs pelaroend craTucTuku U 3aBUCUT



TOJILKO OT YMCJIa UHTEPBATIOB K U MPUOIMKAETCS aCUMITOTUYECKU K 3aKOHY
pacnpeneneHus xz (xu-kBagpart) ¢ s =K —J —1 crenensimu cBoOObI, T1€ J -
YHUCJIO HEU3BECTHBIX MAPAMETPOB MOJIEIIBHOTO PACIPENCIICHUS.

BeiiBruHyB runoresy /4, 00 ICTHHHOCTH MOJENIBHOTO PACIIPEIEICHUs
F (x), MBI TEM CaMbIM YCTAHABIIMBAEM, OT KaKOTO YKCJIa TapaMeTpoB J OHO
3aBUCUT. Ecu 3HaUEHHs BCEX WM YaCTH MMapaMeTPOB HE U3BECTHBI, TO OHU
3aMEHAI0TCS OLeHKaMU. [lociie onpeesieHns: OLIEHOK NapaMeTPOB MOAEIbHOM
byukiuu F (x) pacupeneseHus BBIYUCISIIOTCS BEPOATHOCTH p, = Pr{;@e A k}

Py :F(xk+1)_F(xk )» Ay =X, —X, 4.17)

NOTIAIaHUs OLIEHKU B k -il MHTEepBal A, .
N3 teopemsl [lupcona cienyer, yTo KakoBa Obl HM OblIa TUIIOTETUYECKAS
(byHKUUA pacnpeneseHus BeposiTHocTe F' (x) cinyvaiiHas BenuuuHa U npu

N — o0 uMeeT pacnpejiefieHue y

F(V 7) (4.18)
Pr{U <u}= jL%
rls
2
u/2 %
rae F(% ,%): J‘xs/ *1e™dx - HenomHasd, a F(%): J‘xs/ *le™dx - monmHas ramMMa —
0 0
(GyHKUMH, KOTOPbIE MOTYT OBITh BBIUKUCIEHBI JINOO YUCIEHO, TUOO0 MO Tadaunam.
Taxkum o0Opa3oM, nmpoueaypa NpOBEPKH FMIIOTE3bl /1, COTTaCHO KPUTEPUIO
[TupcoHa BBITJISIAUT CJIEAYIOMKUM 00pa30M:
1. 3ajaeM 3HaYEHHUE JOBEPUTENILHOM BEPOATHOCTH P) =1 — o um
ypoBHs 3HaUnUMOCTH o . O6b1uHO o0 =0,05...0,1.
2. [To 3HaueHUIO0 (@ W YUCITY CTENEeHe CBOOOIbI § Ha OCHOBAHUU
(4.18) HaxonuM BeMUMHY nopora cpaBHeHus U .
3. Ha ocnoBanuu (4.16) u (4.17) BeryuciasieM 3HaYEHUE PEIIAOIICH
craructuku U u cpaBHHBaeM ero ¢ noporom U . Ecnu 3Hauenue
U wmensie nopora U, To runore3a H, npunnmaercs. Eciu
U >U,, T0 rAnore3a oTBEPraercs.
Kpurepnii [lupcona siBisieTcst OqHUM U3 HauOoJiee MUPOKO UCTIONb3YEMBbIX
Ha MPAKTUKE U JAeT XOPOLIUe pe3ysibTarhl Ipu o0beme BeIOOpku N mopsaka 100
u Bblle. Henpocrarkamu KpuTepust sSBIASIOTCS:
1. Heo6XxoaumMoCTh UMETh CPABHUTENIBHO OOJIBLIYIO BEIOOPKY.
2. TlpousBonbHOE pazOueHust 00J1acTH ONpeeICHUs] MOICIbHON MITIOTHOCTH
pacnpeneseHust BEposiTHOCTEN [ (x) Ha K WHTEpBaJIOB, KOTOPOE HE
yuuTHIBaeT ocobennocTeil Gpynkimn F(x).



4.2.2. Kputepun KonmoropoBa

CornacHo 3TOMy KPUTEPHIO KOJIUYECTBEHHON MEPON COOTBETCTBHS MOJCIIBHOTO
F (x) 1 OMITHPUYECKOTO ﬁ(x) pacIpeeneHuil BEpOATHOCTEN 7Sl BBIOOPKH
€,%€,...,€, 00beMa N CIIy’)KUT MAaKCUMyM UX MOJYJISL Pa3HOCTU

U= maX‘F(x) — ﬁ(x] (4.19)

Konmoropos nokasai, 4To €ClM IpoBepsieMas Tunoresa f, BepHa, To Ipu
N — 00 ¥ IONIONHUTENBHOM NPEANIOJIOKEHNN O HEIPEPBIBHOCTH [ (x) byHKUMA

pacripesiesieHus BeMUuHbl ~/ NU aCUMITOTUYECKH CTPEMUTCS K (DyHKYUU
Konmozeoposa

Pr{/NU <z{=K(z)=1- 2i(_ 1) et (4.20)

k=1

[IpencraBnenue (4.20) ynoOHO UCIIONB30BaTh TP z > 1, KOraa psia
cxoauTtcs osicTpo. [Ipu z <1, koraa psan B (4.20) cxoguTcst MEJUIEHHO, yI00HEee
MOJIb30BAThCS APYTUM MPECTABICHUEM

(21 (4.21)

Z k=l

K(z):

Taxkum 00pa3oM, mpaBUIIO IPOBEPKU TUIOTE3bI /1, COMNIACHO KPUTEPHIO

Konmoroposa TakoBo:
1. 3agaem 3HaYeHHE JOBEPUTENILHOM BEPOATHOCTH P) =1 — 0o um

ypoBHs 3HaUMMOCTH o . O6b1uHO o =0,05...0,1.

2. Tlo 3HaueHUIO0 @ W YKUCITy CTENEeHel cBOOObI § HAa OCHOBAHUU
(4.20) wim (4.21) HaxoUM BEJIMYMHY ITOpOTa cpaBHeHHs U .

3. Ha ocHoBanuu (4.19) BbruucisieM 3HaU€HUE peIIatoIIeH
craructuku U u cpaBHHBaeM ero ¢ noporom U . Ecnu 3Hauenue

U wmensbue nopora U, To runoreza H, npunumaercs. Eciu
U >U,, T0 rAnore3a oTBEPraercs.

Kak n kpurepnii [Tupcona, kpurepuit Konmoroposa ucnonb3yercst npu
JI0CTaTo4YHO Oonbmux oobemax BoiOopkH (N =50...80). Onnako npu
MCIIOJIb30BAaHUU 3TOr0 KPUTEPUs HE TPEOYETCs JOMOIHUTEIBHOIO pa3orueHus
oGmactu onpenenenns F(x) Ha MHTEPBAIBL

4.2.3. Kputepuun Kpamepa — Museca



CornacHo 3TOMY KPUTEPHUIO KOJIMYECTBEHHON MEPOl COOTBETCTBUS JIJIS
BBIOOpKHU 00beMa N CIYKUT 3HAUEHUE CPETHETO 3HAUYCHUS KBaJpaTa OTKIOHEHUS
MOJIEJIBHOT'O PaCIIpelesICHUsI OT SMIIUPUYECKOTO

0= [lF)- £ o) @

rae f (x) - IVIOTHOCTH pachpeaeneHus f (x): df;(x) . [loncranoBka (4.13) B (4.22)
X

Y UHTETPUPOBAHUE MTO3BOJISIET MOJYYUTh APYrOo€ BBIPAXKEHUE ISl PEIIAKOIIEN
CTaTUCTUKHU

N INRE (4.23)
_ 1 2 s {F(gn))_ba 1}
12N? N 2N

s Benmuuunbl NU B MaTeMaTUYECKUX TaOJMUIIaX MOXKHO HAUTH
npeaesnbHoe npu N — o0 pacnpeaeieHue BEpOATHOCTEN, HA OCHOBAHUHU KOTOPOTO
10 3aJJaHHOMY YPOBHIO 3HAUYMMOCTH O MOYHO ONPEAECIUTh BEIUYUHY MTOpOra
cpaBHeHus U . JlabHenIas npoueaypa UCIoab30BaHUs KPUTEPHUS HUUEM HE

OTJINYAETCS OT aJITOPUTMA MCIOJIb30BaHMs Kputepus Koimoroposa.
Kpurepunit Kpamepa — Muzeca MOKeT UCIIOJIb30BAThCS PU MaJibIX 00beMax
BbIOOpKH (N <50).

4.3. OueHka MOMeHmoe pacnpedesieHus

OneHka SYMIIAPUYECKOTO PACTIPEAEIICHUS U ITPOBEPKA €TI0 COOTBETCTBHUSI
MOJICJIBHOMY pacIlpeesIeHUIO He SIBISI0TCSA €IMHCTBEHHBIMU ITpo0ieMamu,
BO3HUKAIOLIMMU MTPU 00paboOTKe pe3ynbTaToB 3kcnepruMeHTa. OObIYHO MpU
00paboTKe OlIEHUBAIOT MOMEHTHI pacnpenesienus oneHku €. Kak npasuso, npu
ATOM OTPaHWYMBAIOTCS JIUIIB IIEPBBIMU HAYaJIbHBIMHU WM LIEHTPUPOBAHHBIMU
MoMeHTamMu. OLleHKa MOMEHTOB pacIlpeeIeHUsI CIIy4YallHOM BEJINYNHBI €
ITO3BOJISIET HE TOJBKO ONPEAEIUTh LEHTP IPYNIUPOBAHUS PE3YIBTATOB U3MEPEHUM
U Mepy UX pa3dpoca, HO U CYyJIUTh O KAYECTBEHHOM XapaKTepe pacrpeeeHHs
BEPOATHOCTEHN.

JI7 ciydanHbIX BEJIMYUH B TEOPUU BEPOSITHOCTEN BBOJSTCS HAYAIbHBIC
MOMEHTBI

2 4.24
M, = prf(x)dx,p=1,2,... ( )

N OCHTPAJIbHBIC MOMCHTBI



® 4.2
mpzJ(x—Ml)pf(x)dx,p=2,3,... (429

—00

rae f (x) - IUIOTHOCTB pacupeaesieHus OEHKA €. Mexay ceMencTBaMu

HAYaJIbHBIX U LICHTPUPOBAHHBIX MOMEHTOB CYIIECTBYET B3AUMHO OJJHO3HAYHOE
COOTBETCTBHE.

HauGonbiiee npuMeHeHNe HAIIUIM BEJIMYUHBI, CBS3aHHBIE C TIEPBLIMU
YETBIPbMSI MOMEHTAMH PACTIPEACTICHHUS.

1. MaremaTndeckoe OKUJaHue

pu=M, (4.26)

[Ipencrasnser co0oii LIEHTP TPYNIUPOBAHUS PE3YTbTATOB U3MEPEHUH.
2. lucnepcus

D=m, (4.27)

MpeCTaBIsAeT cO00i Mepy pa3dpoca ciydailHoM BeTuYuHBbL. J{J1s ciydaitHbIX
MPOIIECCOB JUCTIEPCHUS PaBHA CPEIHEN MOIIIHOCTH IpoIiecca.
3. Koadduruent acummerpuun

_om (4.28)

YHauMonanbHoe pacnpenaenenue ¢ B, <0 nMmeeT JeByl0 aCUMMETPHIO, C
B, >0 - mpasyto (puc. 4.1). Eciu 8, =0, pacnpeneneHne CUMMETPUYHO.

f(x) f(x) f(x)

1<0 B1=0 B:1>0

Puc. 4.1

4. KoaddunueHt skciecca



m, (4.29)

XapaKkTepu3yeT OCTPOTY BEPIIUHBI IIOTHOCTU paclpeaesieHus. 3a HOMb 1O IIKae
2

[, IPUHAT KCLECC FayCCOBCKOI0O pacnpeeseHus (B 3TOM ciaydae i, / (m,) =3).

[TnotHocTH ¢ B, <0 HMerOT OoJiee IUIOCKYIO BEPIINHY, YEM IrayCCOBCKas

IUIOTHOCTB, a INIOTHOCTH ¢ f3, >0 - Oosee octpyro (puc. 4.2).

f(x)

Puc. 4.2

HauanbHble MOMEHTBI paclipe/ieleHns OLIEHUBAIOTCS 110 BEIOOPKE
€,%,,...,€, CIeAylOIUM 00pa3oM

1 & (4.30)
M= e
p NZ€1

n=l1

JlaHHBIE OLIEHKHU SABJIAIOTCS COCTOATEIbHBIMU U HECMEIIEHHBIMHU.
Heckonbko cioxkHee 00CTOUT 110 C LIEHTPaJIbHBIMH MOMEHTAMH U, B
YaCTHOCTH, ¢ Aucnepcuei. Ecian matemaTueckoe 0KUIaHUE [ OLIEHKH €

HU3BCCTHO, TO OICHKA p -ITO MOMCHTA HAXOOUTCA KaK

4.31)

M, Jﬁl(ﬁz —u)

N n=l1

AnNpuopHOE 3HAHUE MATEMATUYECKOTO OXKUIAHUA LI HA IPAKTHKE
BCTPEUYAETCA HE TaK PEAKO, KaK 3TO MOXKET MoKa3arkca. Hanpumep, npuHumaemMble
PaaUOCHUTHANBI YACTO SIBIISIOTCS CIIyYalHBIMH MIPOLIECCAMU C HYJIEBBIM
MAaTEMATHYECKUM OKUJAHUEM.



Ecnu marematnueckoe oxxujaHue (I HEU3BECTHO, TO olleHkH (4.31), rae
BMECTO LI TIOJICTABISETCS oleHKa €= M, 6yaer cMemmennoit. CMeneHne MOXHO
C/ieJIaTh PaBHBIM HYJIIO, €CJIU HECKOJIBKO U3MEHHUTH (4.31)

N ) 4.3
=Y (€ - ) (
N il 3
’€3 - (N—l)(N—z)nZ::‘(ﬁl - ﬁe) D

. - N> —2N+3 i(%—ﬁ)“ 3(2N - 3) ){Z(E ‘@)T

(N-1)N-2)N-3)% N(N -1)N -2)N -3

N
rae g=N . Zﬁz - OIICHKA MaTEMaTHYECKOTI'O OXKUIaHU.

n=l1

4.4. OyeHka KoppesnsiyuoHHOU BYyHKUUU csly4auHOo20 rnpouyecca

OrieHKa KOPPESIITUOHHOMN ()YHKITUU MTO3BOJISIET HE TOJIKO ONPEIeTUTh
CTEMEHb CTATUCTUYECKON 3aBUCUMOCTH JBYX PAa3HECEHHBIX 110 BPEMEHU OTCUYETOB
CJIy4ailHOTO MPOILIECCa U ONPEICIIUTh OAUH U3 BAXKHBIX MApaMETPOB Mpoliecca —
BpeMsl ICKOPPEISALINH, HO TAKXKE SBIISICTCS HEOOXOUMOMN onepalnuent s
JAJIbHEUIIIETO CIIEKTPAIBHOTO aHAJIN3a.

[TycTh HabmOa€TCS CiTydyallHBIN MTPOIIECC 5( ) U NOJy4eHO N €ro OTCueToB

[O] [N 1] B IUCKPETHBIE MOMEHTHI BpeMEHU. {7151 OLIEHKU KOPPEIALMOHHON

(pyHKuHI/I UCIIOJIB3YIOT JBa Croco0a.
Hecmewennas oyenxa. OueHka 3HaUCHHsI KOPPEISITUOHHON (DYHKIIMU B
MOMEHT m1 paBHa

Nofm-i (4.33)

ﬁ[m]—— > En)Eln+m]

n=0

rae & [n] =& [n]— {€ - LEHTPUPOBAHHBIN OTCYET MPOLECCA, T.€. OTCUET, U3 KOTOPOro
BBIYTEHA OIIEHKAa MaTeMaThuueckoro oxuaanus . Ouenka (4.33) sBusiercs
HecMelleHHOM. OJHaKo 3Ta OLIEHKa 00J1ajacT OTHUM HEJOCTaTKOM: IIpU
YBEIIMYEHUH M JAUCIEPCUS Ie[m] pacteT. OT0 00BsACHAETCS TEM, UTO JUIsl pacyera
Ie[m] UCIIOJIb3YyETCs (N - m) 1ap OTCYETOB CIy4alHOoro mpouecca. B ¢Bsa3u ¢ oatum
IIPU YBEJIMYEHUU M KOJMYECTBO Mpou3BeaeHu B cymme (4.33) ymeHbII1aeTcs U
KAa4ecTBO yCpeaHEeHHUs yxyamaeTcs. [1o03ToMmy Ha IPaKTHUKE Yalle UCIOJIb3YIOT
IPYTYIO OLEHKY KOPPEIALMOHHON (QYHKUIUH.

Cmewennan oyenka. B 5TOM cilydae OLIEHKA BBIUYUCISAETCS KAK




Ly

Rl)= L S E el e ml={ 1= |

n=0

(4.34)

I[aHHaSI OIICHKA XOTA N UMECT CMCIIICHUC, HO TUCIICPCHA OIITMOKH
OICHHUBAHMUA 1JIs1 HCC MCHbLIIC, YCM Y HECMEIICHHOU OoLicHKU. [IoHATh MNpUYIUHY
9TOr0 HECJI0KHO, €CJIN YUYCCTh, YTO CMCIICHHAA OICHKAa MOKCT OBITH oJIydcHa u3

HECMEIIEHHOM YMHOKEHHEM nocieHeil Ha TpeyronbsHoe okHo wim]= (1 —|m|/N),
3HAYEHUs OTCYETOB KOTOPOTO YOBIBAIOT C YBETMUEHUEM 711 .

4.5. OyeHka cnekmpasibHOU NMI0MHOCMU MOWHOCMU criyYalHbIX
npoueccoes

OreHka crieKTpaibHOM MIOTHOCTU MOITHOCTH (CIIM) ciyyaiiHbix
MIPOIIECCOB SIBJIIETCS HAaUOOJIee YacTo BCTpeyaroliencs 3aaayueit mpu oopadoTke
PEe3yJIbTaTOB U3MEPEeHH. BaxkHOCTB 3TOM nMpobieMbl MOATBEPKAAETCS OTPOMHBIM
YKCJIOM NMyONauKaluuii Ha JaHHyto Temy. K HacToseMy BpeMeHU MpeasioxKeHo
0O0JIBIIOE YUCIIO METO/I0OB CIIEKTPAJILHOTO OLICHUBAHUS, JaXKe KPATKOE
pPaccMOTpPEHUE KOTOPBIX B HECKOJIBKO pa3 YBEJIMYMIO Obl 00bEM HACTOSAILETO
yueOHoro nocodus. [103ToMy Mbl OrpaHUYHUMCS] pACCMOTPEHHUEM JIUIIb ABYX
KJTACCHYECKNX METOJI0B CIIEKTPaIbHOrO aHaIn3a .

4.5.1. MeTop Koppenorpamm

CIIM u koppensiuuoHHas (PYHKIMS CIIy4ailHOTO CTallMOHAPHOrO Mpolecca
é(t) B COOTBETCTBHMU C TEOpEMOM Bunepa — XuH4YMHA CBA3aHBI IPSIMBIM

npeobpazoBanueM Oypbe

S(0)= [Re)edr (339

[TycTh kKOppensiumonHas GyHKIHS OIlEHEHA B TUCKPETHBIE MOMEHTHI
Bpemenu nT,n =0, N . Torna onenka CIIM mMokeT ObITh BBIUKCIIEHA, €CIIH
uHTerpani B (4.35) BBIUUCIUTH METOJIOM MPSIMOYTOJIbHUKOB

So)=T Y firle 3

n=—N

1 o o

Tex, kTo 3auHTEpECyeTCs NPOOJIEMOH CIEKTPaIbHOI0 aHAJIN3a U €€ COCTOSIHUEM Ha HACTOSIIUI MOMEHT, MBI
anpecyem k MoHorpaduu C. JI. Maprui-mi. [{ugpoBoii ciekTpaibHBIN aHATHM3 U ero npuiokeHus: [lep. ¢ aHTI. —
M.: Mup, 1990.



rae Ie[n] npu 1 <0 BBIYUCISIIOTCSA HA OCHOBAaHUM U3BECTHOI'O CBOMCTBA
KOPPENISALUUOHHON pyHKIUN

R[— n]: R*[n], n=12,...
Pacuer ${(®) yn06HO MPOM3BOIUTH B IMCKPETHBIX TOUKAX

2 (4.37)

o, =m———,m=02N -1
2NT

Tornma

N-1 2E 4.38
f[m]zT Zl@[n]e N m=0,2N -1 (4.3%)

n=—N

[MocneqHee paBeHCTBO 1EIECO00Pa3HO MEePENHUCaTh B BHJE YAOOHOM IS

MCIIOJIb30BaHUS IPU BBIUUCICHUSX AJITOPUTMA Obicmpo2o npeobpaszosanus Pypwve
(bIID)

Ny-1 27 (4.39)
Sim]=T> Rlnle ™ ,m=0,N, -1
n=0
rae N, =2N, R[n], n=0,N, —1 - Bextop pasmepHocT: 2N
B ﬁ[n],OSnSN—l (4.40)

Rln]

| #2N-n] N<n<2N -1

OtmeTum, 4To A ucnonb3oBanus anroputma BII® N nomkHO ObITh
PABHO LIEJION CTENEHU YHCIIa 2.

Hcnonp30Banue METOa KOPPEIOrPaMM B BBILIEU3TI0KEHHOM BH/JIE
MIPUBOAUT K BOSHUKHOBEHHIO 3HAYUTENIBHBIX ITysnbcaunid y orieHku CIIM.
[IprunHOM 3TUX MyNbcalUil ABIsETCS 00pe3aHre «XBOCTOBY KOPPEISALIMOHHON
GbyHKUMU TpH niepexoie oT uHTerpana (4.35) k koneuHo cymme (4.36).
[Tockonbky 310 0Ope3anre PakTUUECKU FIKBUBAJICHTHO MEPEMHOKEHUIO
OECKOHEYHOM MO CBOEH MPOTSHKEHHOCTU KOPPEISALMOHHON (YHKIIMU Ha
MPSIMOYT'OJIbHOE OKHO MPOTSKEHHOCTH 2N, TO 3/1€Ch Mbl BCTpEYaemcsi ¢
obcyxnaBmuMcs B paznene 3.1.4. apdexrom ['u66ca. Jliis yMeHbIIEeHUST YPOBHS
MyJbCalluid, KaK 3To 0bU10 caenano u npu cuuteze KUX ¢punpTpoB, ncnonb3yrores
pa3nu4HbIe BECOBbIE OKHA (CM. TalJ. 1), HA KOTOPbIE YMHOKAIOTCSI OTCUETHI
R[n], n=0,N, —1. IIpu 3TOM ypOBeHb ITynbCauil yIaeTcs yMeHbIUTh. OqHAKO



pasperarormasi crrocoOHOCTh TAKOTO CIIEKTPOAHAIM3aTOPa XYKe, UeM Y
CIIEKTPOAHAIN3aTOpa C MPSIMOYTOJIBHBIM BECOBBIM OKHOM.

4.5.2. MeToa nepuogorpamm

[TycThb B pe3ynbTaTe SKCIIEpUMEHTA MOTyYeHa TUCKPETHAS BBIOOPKA
OTCYETOB IIpoLecca 5[0] [N 1] be3 norepu 00IMIHOCTH MOKHO CUHUTATh, YTO
MaTeMaTHYECKOe OXKHIaHNE ITHX OTCYETOB PaBHO HYI0. Berancnum ams
MOJIy4YE€HHOU BBIOOPKU Ouckpemuoe npeobpaszosanue Pypve (J11D)

N-1 L. - 4.41
Glnl=TY elle " m=0.N -1 .
n=0
riue G[m] - IMCKPETHBIH OTCYET MPHOBEHHOTO CrieKTpa mponecca G(w) npu
o, :2—ﬂm. Berauncimm TN‘l‘G[ln]‘2
NT
N-1 N1 2 k) (4.42)

TN G[m]" =TN"" E[nE[k]e

[IpocToii 3aMeHOM MHAEKCOB CYMMUPOBAHUS ABOMHYIO cCyMMY B (4.42)
MO>KHO MTPUBECTHU K BULY

Nl _,lm,, (4.43)

o Glo] =1 S A

—(N- 1

rac

N\m\l

ﬁ[m]—* > Enleln +m] -

n=0

CMElIeHHas OLIEHKa KOppeasiuMOHHOM QyHKIMHN npouecca. CiegoBaTenbHo,
npaBasi 4acTh paBeHCTBa (4.43) apnsietcs 11D oneHku KOppesiimoOHHOM
(GYHKIIMU U MOXKET OBITh MPUHSITA B CUITYy Teopemy Bunepa — XuHunHa 3a OIIEHKY
CIIM. Takum o6pazom, oueHnka CIIM MoxeT ObITh MOJTy4Y€Ha C UCIIOJIb30BAHUEM
nepuoorpaMMbl (MTHOBEHHOT'O CIIEKTPA) G[m] Kak

$hnl= Glnl'm=0.N =1 (4.49)

B »>TOT M 3akiroyaeTcs CMBICI METO1a MepuoaorpaMm.



B Teopun crniekTpanbHOIO aHajau3a JOKa3bIBAETCs, YTO OLUEeHKH (4.39) u
(4.44) HecocTosATENBHBI, TIOCKOJIBKY IIPU YBEIMYEHUU N UX JUCHIEPCUs HE
CTPEMHUTHCS K HY0. B MeToe neprogorpaMM yMeHbIIEHUE OIUMOKN OIl€HUBAHUS
JOCTUTAETCS TEM, YTO:

® [IPOU3BOJMTCS YCPEAHEHHE B CKOJIB3ALIEM OKHE COCETHUX OTCUETOB
nepuogorpaMmsal (Mmeton Jlannesna);

e BCs BhIOOpKa pa30MBaeTCs HA HEMEPEKPHIBAIOIIMECS MHOKECTBA
OTCYETOB MPOLECCa C MOCIEAYIOIIMM PABHOBECHBIM YCPEIHEHUEM
NepPUOI0TpaMM 3TUX MHOXeCTB (MeTon bapnerra);

e BBIOOpKA Mpoliecca pa30oUBaeTCs Ha NEPEKPHIBAIOIINECS MHOKECTBA
OTCYETOB MPOLECCa C MOCIEAYIONIUM YCPEAHEHUEM MTEPUOIOTPaMM
3THX MHOXKECTB B BECOBOM OKHE (MeToJ1 YaIr4a).
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